TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 344, Number 2, August 1994

THE FUNCTIONAL DETERMINANT OF A FOUR-DIMENSIONAL
BOUNDARY VALUE PROBLEM

THOMAS P. BRANSON AND PETER B. GILKEY

ABSTRACT. Working on four-dimensional manifolds with boundary, we con-
sider, elliptic boundary value problems (A4, B), A being the interior and B
the boundary operator. These problems (A4, B) should be valued in a tensor-
spinor bundle; should depend in a universal way on a Riemannian metric g
and be formally selfadjoint; should behave in an appropriate way under confor-
mal change g — Q2g, Q a smooth positive function; and the leading symbol
of A should be positive definite. We view the functional determinant det Ag
of such a problem as a functional on a conformal class {Q2g}, and develop
a formula for the quotient of the determinant at Q2g by that at g. (Analo-
gous formulas are known to be intimately related to physical string theories in
dimension two, and to sharp inequalities of borderline Sobolev embedding and
Moser-Trudinger types for the boundariless case in even dimensions.) When
the determinant in a background metric gq is explicitly computable, the result
is a formula for the determinant at each metric Q2g, (not just a quotient of
determinants). For example, we compute the functional determinants of the
Dirichlet and Robin (conformally covariant Neumann) problems for the Lapla-
cian in the ball B*, using our general quotient formulas in the case of the
coilformal Laplacian, together with an explicit computation on the hemisphere
H*.

0. INTRODUCTION

The functional determinant det A of an elliptic differential operator A4 is im-
portant in quantum field theory because it provides a regularization of the func-
tional integral. Originally of interest on four-dimensional manifolds, these ob-
jects have recently been intensively studied by physicists and mathematicians in
two dimensions, in connection with string theory, the isospectral problem, and
uniformization problems. In each of these applications, the operator 4 = 4,
should be built naturally from a Riemannian metric g on a compact manifold
M (and possibly some related extra information, like spin structure), and one is
concerned with det 4, as a functional on the cone {g} of Riemannian metrics
on M, or more precisely, the quotient of {g} by the action of the diffeomor-
phism group Diffeo(M). A key point has been the behavior of the determinant
under conformal change of g ; that is, replacement of g by Q2g, where Q is

Received by the editors October 28, 1992 and, in revised form, September 21, 1993.

1991 Mathematics Subject Classification. Primary 58G25, 58G20.

Research of T. Branson partially supported by the N.S.F. and by the Danish Research Coun-
cil. Research of P. Gilkey partially supported by the N.S.F. and by the Max Planck Institute for
Mathematics (Bonn).

© 1994 American Mathematical Society
0002-9947/94 $1.00 + $.25 per page




480 T. P. BRANSON AND P. B. GILKEY

a smooth positive function. The idea is that if 4 has reasonable conformal be-
havior, then the behavior of det 4 should be predictable, much as the behavior
of the fundamental solution of A4 is. In the two-dimensional case, this think-
ing gets one quite far, as the quotient of {g} by the groups Diffeo(M) and
C(M) (the positive functions Q acting by g — Q?g) is a finite-parameter
object; see, e.g., [O, OPS1-2]. Since diffeomorphisms act on conformal factors
Q, this quotient has the form & = {g}/(Diffeo(M) x C°(M)); i.e., the total
group is a semidirect product. In dimensions three and higher, & is much
larger, and in particular is in no sense a finite-parameter object. Even though it
is not yet clear how one would go about tracking the behavior of the functional
determinant as the metric g cuts across conformal classes, it seems timely to
return to four dimensions, and, inspired by two-dimensional successes, at least
handle the behavior of detA as a functional on a conformal class C°(M)-g.

For compact manifolds without boundary, some results are already in place.
For a computation in connection with Yang-Mills theory on four-manifolds,
see [CT]. In [BD3], Branson and Orsted derived a formula for the functional
determinant of a strongly elliptic differential operator, with reasonable confor-
mal properties, over a Riemannian four-manifold without boundary; this is
analogous to the much-studied Polyakov formulas on two-manifolds. Branson,
Chang, and Yang [BCY] used these formulas to study the isospectral and ex-
tremal (uniformization) problems in four dimensions, trying to get analogues of
the two-dimensional results of Onofri [O] and of Osgood, Phillips, and Sarnak
[OPS1-2]. The conformal behavior of the functional determinant in dimension
two is intimately related to the Moser-Trudinger inequality, which expresses the
continuity of the embedding L? — el of the Sobolev class L? in the Orlicz
class el . Specifically, let d¢ and A be the normalized measure and Laplacian
of the round metric gy on S?. Let w € C®(S?), and let @ = [ wd&. The
Moser-Trudinger inequality states that if w € C*(S?),

(0.1) (Aw, W) 1352 ae) — log /S P g0,

with equality if and only if the metric e??g, is the pullback of gy by a Mdbius
transformation. (0.1) may be regarded as a limit of borderline Sobolev inequal-
ities L2 — L2?/(-¥) (where LP is the usual Lebesgue class) as v 1 1, or as
m | 2. A scale-invariant version of the logarithm of the functional determi-
nant of the Laplacian is, up to a constant factor, the quantity on the left in
(0.1). In general dimension m , the borderline Sobolev inequalities correspond
to the embeddings L2 — L?™/(m=2¥) On §™, the limiting case is an inequality
of Moser-Trudinger type recently introduced by Beckner [Be], and describes an
embedding L2, , — e” . Specifically, for a certain mth-order pseudodifferential

operator P, with the same leading symbol as A™/2

0.2) (Prto, W)ixsn )~ 08 | €™ 20,
Sm

with equality if and only if the metric e2?g, is the pullback of gy by a confor-
mal transformation. P, is a differential operator if m is even. (See [Br3, Re-
mark 2.23] for a description of P, .) In dimension four, [B&3 and BCY] show
that the logarithm of the functional determinant is a linear combination of two
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terms, say a,% +a,% . % is the left side of (0.2), which describes the embed-
ding L3 — el, and & is a quantity which similarly describes the “ordinary”
borderline Sobolev embedding L? — L*. Up to normalization, the L} — et
and L? — L* terms are connected by one coupling constant a = a,/a,. The
two inequalities “work together” (the quantities asserted to be nonnegative do
not appear with opposite signs) if and only if @ > 0. a = a[4] depends on
the elliptic operator 4 whose functional determinant we are studying; for ex-
ample, A could be the conformal Laplacian Y or the square Y 2 of the Dirac
operator Y . But a[A] is universal in the sense of being independent of the
particular manifold and Riemannian metric; indeed, the number a[A] can be
computed from a knowledge of the heat invariants, which are similarly uni-
versal. Fortunately, q[Y] and q[VY 2] are positive; this make possible, among
other things, the extremal results of [BCY, §5] for the log-determinant on S*.
On more general manifolds, the study of the functional determinant is based on
an inequality of Adams [A], which describes the embeddings L,zn e el for
domains in R™ ; see [BCY] for details

In this paper, we begin the extension of this program to four-dimensional
manifolds with boundary, inspired by the complete two-dimensional treatment
of [OPS1-2]. As will become clear, this is qualitatively harder than the bound-
ariless case, but still tractable on a conceptual as well as computational level.
(The three-dimensional case is not particularly interesting for manifolds with-
out boundary, as the functional determinant is quite rigid conformally in odd
dimensions; see §2. The boundary value version of this three-dimensional prob-
lem is more interesting, though not as rich as the four-dimensional theory.) It
would seem that an effective treatment of isospectral and extremal problems
in the boundary-value case would have to await a theory of boundary-value in-
equalities of Moser-Trudinger type; we note that an excellent theory of sharp
borderline Sobolev inequalities is already in place [E1-2].

We shall need to be precise about three types of assumptions on the ellip-
tic operator 4 and the boundary operator B which define our problem: (1)
analytic assumptions, i.e., the strength of the ellipticity needed; (2) naturality
assumptions; and (3) conformal assumptions. Since we wish to invoke invariant-
theoretic properties of local spectral invariants associated to (4, B), specifically
the heat invariants, we need to know that (A4, B) enjoys suitable invariance
properties; this is the rationale behind (2). (3) makes precise the “conformally
reasonable behavior” mentioned above. We work out two examples in detail:
the conformal Laplacian Y = A+17/6 (t = scalar curvature) with Dirichlet con-
ditions, and Y with conditions of Neumann type called Robin conditions by
physicists; specifically, the boundary operator here is N — H/3, where N is the
inward unit normal derivative, and H is the trace of the boundary embedding’s
second fundamental form.

This paper is organized as follows. In §1, we summarize the invariant-
theoretic background needed to extract information from the heat asymptotics
on manifolds with boundary. Section 1 also describes a natural fourth-order
differential operator P, originally introduced by Paneitz [P] (see also [Br2,
ES]) in connection with the interaction of the gauge and conformal groups on
Maxwell fields; P seems to be absolutely central to four-dimensional functional
determinant problems. In §1, we also make precise statements of the above-
mentioned analytic and naturality assumptions. In §2, we define the functional
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determinant and prove a formula of Polyakov type for its conformal variation.
(See also [R, B@2] in the boundariless case.) Though the functional deter-
minant is a nonlocal invariant of the spectrum of (A4, B) (i.e., it is not the
integral of a local expression), its conformal variation is local, and in fact is a
heat invariant. In §§3 and 4, we apply this variational formula in concert with
invariant-theoretic and conformal geometric knowledge of the heat invariants
in dimension four to get explicit local formulas for the quotient of functional
determinants. At this point, the operators 4 and B have not been pinned
down, apart from their naturality and conformal behavior; thus our formulas
at this point depend on (exactly 13) parameters. In §6 we compute these param-
eters for the two choices of (4, B) mentioned above: the conformal Laplacian
with Dirichlet and Robin conditions. In §5, still in the abstract (parameter-
dependent) setting, we compute determinant quotients on special manifolds;
specifically the unit four-hemisphere H* and the cylinder &* = [0, h] x.S? for
h > 0, both with their standard metrics. Since H* is conformally equivalent
to the unit ball B4, and %j,“ is conformally equivalent to the spherical shell
#*={x eR™|1<|x| <s} when s =e", we get as special cases determinant
quotients for the pairs (B4, H*) and (#*&*). Since everything is explicitly
computable on H* (§7), this means that we get an exact value for the func-
tional determinant on B*. For example, we find that if Y_ (resp. Y, ) is the
conformal Laplacian with Dirichlet (resp. Robin) conditions, then

1,, 1, 11,
~logdet Y = 30p(=3) + Ck(=1) + 555+ 5(r(-2) on H*,

~logdet Y- = 3Cr(~3) + g{k(~1)
11
288 2
1 1,
—logdet Y, = 3(x(=3) + gLr(-1)

1 | 1 4
+m+§€R("2)+(4l°gz_§) /360 on B ’

+ Cr(=2) + (4log2 + %) /360 on B*,

where (g is the Riemann zeta function. As a consequence (Corollary 6.7), we
find that passage from the round H* metric to the flat B* metric “improves”
the appropriate scale-invariant version of either functional determinant, so that
the extremal result of [BCY, §5] for detY on S* will not readily extend to
the hemisphere. In an appendix (§8), we collect in one place the definitions
of local invariants used in developing the determinant quotient formulas, and
prove some facts (used in §7) about zeta functions associated to spheres.
Special thanks are due to Bent Orsted for enlightening discussions.

1. LOCAL INVARIANTS, NATURAL DIFFERENTIAL OPERATORS
AND BOUNDARY VALUE PROBLEMS, AND THE HEAT INVARIANTS

Let M be a smooth, compact, m-dimensional Riemannian manifold with
smooth boundary M . Denote by g the metric tensor on M ; the pullback of
g under the inclusion M — M is a Riemannian metric on M . Let R be
the Riemann curvature tensor of g, with the sign convention that makes R!;;,




DETERMINANT OF A BOUNDARY VALUE PROBLEM 483

positive on standard spheres. We adopt the convention that letters i, j, ..
run from 1 to m, and index a local coordinate frame and coframe on M . We
raise and lower indices using the metric tensor, and sum over repeated indices.
The Ricci tensor p of M has p;; = Rk, ;j» and the scalar curvature of M is
T=p4.

Additional invariants describe the embedding of dM , and are defined as
tensor fields over M (as opposed to M ). Let N be the inward unit geodesic
normal in a collar for M in M, and consider local coordinates (x’) in a
neighborhood of a point of oM for which 8/0x™ = N, and for which the
x4, a=1,...,m—1 are local coordinates on M . Letters a, b, will
run from 1 to m— 1, and index coordinate frames and coframes of thls type on
OM . The subscript N will be interchangeable with m in this setting, and will
serve to indicate that we are working in such a coordinate system. We denote
the coordinate coframe element dx™ by N,. The (second) fundamental form
L of the boundary embedding is a symmetric 2-tensor defined by

Ly := _%Ngab-

The trace H := L2, of L is a multiple of the mean curvature. Here we have

used g|au , the pullback of g to M under the inclusion, to raise the boundary

index; we shall always use g|s)s as the metric on OM . Repeated boundary

indices are, of course, summed from 1 to m — 1. L measures the deviation of

the boundary embedding from total geodesy; that is, it is the obstruction to the

possibility of finding coordinates x’ which are normal on both M and M .
A symmetric 2-tensor G is defined by

G% = R%npN,
and we let F := G%,. The symmetric 2-tensor T is defined by
Tab = Rcacb-

Note that (T + G)gp = pap , and that 72, = R, =17 -2F . We use g and its
pullback g|aar to define quantities like |p|?> = pp;;, |L|> = L®L,,, (L, G) =
LG, , etc. Intrinsic objects on &M which are analogous to objects on M
will usually be denoted with a tilde; for example, & = g|oar; V, V are the Levi-
Civita connections on M and M respectively; and A, A are the Laplacians
on functions. The Riemannian measure on (M, g) will be denoted by dx,
and the Riemannian measure on (0M, &) by dy. Our sign convention for
the Laplacian gives A = —d?/dx? on R!. We shall sometimes use a standard
abbreviation in which indices after a bar indicate covariant differentiations with
respect to V, for example ¢;jjx; = V;Vii; := (VV@),;; and indices after a
colon similarly indicate covariant differentiations with respect to V.
Let

J=12(m-1), V=(p-Jg)/(m=2),

(L.1) . . | p=IE .
Clirt =R iy + Vi d'1 = Vo' + V' 18jx — V'i gj1-

C is the Weyl conformal curvature tensor. C,V ,J carry the information in
R in a way which is better adapted to conformal variational calculations than
are R, p, 7. Specifically, let the metric run through a conformal curve glew] =
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e%2g[0] for w € C®(M) and ¢ a real parameter. Then (d/de)|.—0(g[ew]) =
2wg[0] and
(d/de)|e=0Clew] =0

(1.2) (d/de)|e=oJ [ew] + 2w J[0] = A[O]w,
(1.3) (d/de)|e=oV[ew] = — (VV)[0]w.
Here we have used the following convention, which will be maintained through-
out this paper: given a conformal class of metrics

(gl0]) := {e**¢[0]|w € C™(M)},

and a metric-dependent quantity T, we indicate that 7 should be evaluated
in g[w] := e?@g[0] by writing T[w]. For example, the conformal invariance
of the density |C|2dx on four-manifolds can be expressed as

(1.4) (|C|* dx)[w] = (|C|* dx)[0], m=4, we C®M).
We shall need the Paneitz quantity
(1.5) Q=-2IVPP+mJ*2+AJ

and Paneitz operator
P=A+6{(m-2)J —4V-}d + (m —4)Q/2.

Here d is the exterior derivative, J is the formal adjoint of d, and V- is
the bundle endomorphism ¢ = (¢;) — (¥;’¢;) on the cotangent bundle T*M .
By [P; Br2, Theorem 1.21; ES], P is conformally covariant: given a conformal
class (g),

(1.6)  em+92/2p[py] = P[0Ju(e™=4/2), allwe C®(M), m#1,2,

where for any u € C*(M), u(u) denotes multiplication by u. The infinitesi-
mal form of (1.6) is

m—4
(d/de)le=oPlew] = ~4wP[0] + ——[P[0], ww)].
A conformal variational formula for the local scalar invariant Q in dimension
m = 4 will be important for us. To get this, let m > 3 be arbitrary for the
moment, and let
PO—P——Q A2 +8{(m-2)J —4V.}d.
Applying the conformal covariance relation (1.6) to the function 1, we get

.m_z__4Q[w]e(m+4)w/2 — (PO[O] + ’_"_z:j‘:Q[(,]) e(m=4w/2

= Rfo)(et=4+ — 1) + =2 gpojetm-serz,

since P, annihilates constants. This leads to the identity

Q[w]e(m+4)w/2 m2 Po[O]( (m—4)w/2 _ )+ Q[O]e(m—4)w/2
= P[0)(w + (m — 4)w’a((m - 4)w)) + Q[0],
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where a is an entire function. This identity holds for m # 4, but since all
conformal variational calculations can be done within spaces of polynomial in-
variants with rational-in- m coefficients, analytic continuation in m is justified,
and we get

(1.7) P[0]w + Q[0] = Qlw]e*?, m
Taking the variation of (1.7), we have
P[0lw = (d/d¢)ls—0Qlew] + 4wQ[0],  m=4.

1.1. Remark. We shall work with differential operators on bundles of tensor-
spinors over (M, g). One way to describe these is as follows. A tensor-spinor
bundle V is a vector bundle associated to the principal O(m)-bundle of or-
thonormal frames, the SO(m)-bundle of oriented orthonormal frames, or the
Spin(m)-bundle of spin frames. (The groups H = O(m), SO(m), and Spin(m)
are the natural structure groups of Riemannian, oriented Riemannian, and Rie-
mannian spin geometry respectively.) That is, V has the form F x, V', where
(V, p) is a finite-dimensional representation of H , and % is the appropriate
frame bundle. Since the defining representation 7' of SO(m) and the spin
representation £ of Spin(m) are faithful, any irreducible tensor-spinor bundle
can be realized as a direct summand of an iterated tensor product

Ty = (TM)®* & (T'M)® © (EM)> ® (Z'M)®", o, f,0,7€N.
We shall need a quick review of some basic results on the small time asymp-

totic expansion of the trace of the heat operator. Details can be found in [G2],
especially §1.9.

4.

1.2. Analytic assumptions. Let 4 be a differential operator of positive or-
der on sections of a tensor-spinor bundle V over M. Suppose that A4 is
formally selfadjoint and has positive definite leading symbol 6ieaq(A) ; that is,
Olead(A4)(x, &) is positive definite in EndV, forall x e M and 0#£¢€e T M.
Let B be an operator on the bundle of Cauchy data for 4 on M with the
property that the pair (4, B) is elliptic.

1.3. Remark. Formal selfadjointness and the assumption on the leading sym-
bol make sense because tensor-spinor bundles over a Riemannian manifold
come equipped with Riemannian vector bundle structures. Since Gieaq(4)(x, —¢)
= (1) gpq(A)(x, &), the assumption of positive definite leading symbol
forces the order of 4 to be even. We shall always denote ord(4) by 2/ > 0,
50 that 0je.q(A) = gy(A4). We do not give the definition of ellipticity for a
boundary value problem here as it is somewhat technical and distracting; see
[G2, §1.9] for this.

1.4. Remark. The bundle W of order 2/ Cauchy data for sections of V has
a natural grading by subbundles

W=mWeo - oWy,

where W, holds the jth Cauchy datum. The boundary operator B for an
elliptic boundary value problem is valued in an auxiliary bundle W’ which
admits a similar grading

W =W --aoW_,
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but which has dim W’ = 1 dim W . (See the examples below.)
Let Ap be the restriction of A4 to the subspace
C*(M,V)p={F € C*(M, V) | B(CDyF) = 0}.

Here CDy;: C°(M,V) - C>*(0M, W) is the operator which assigns the order
2] Cauchy data. If f € C>*(M), there is an asymptotic expansion

(1.8)  Trpfexp(—tdp) ~ S an(f, A, By"=m2 |0,
n=0

where
(19)  anlf 4 B) = [ fanx, ) dx+z/ (N*S)ano(y. 4, B)dy.

The a,(x, A) anda,, ,(y, A, B) are locally computable from the total symbols
of A and B in local coordinates.

1.5. Remark. The auxiliary function f is a device which allows us to observe
the distributional behavior of the heat kernel at the boundary. We are forced
to deal with this extra information because, as we shall see below, conformal
deformation of the asymptotics of Trexp(—¢A4p) and of the functional deter-
minant naturally lead to the asymptotics of Trwexp(—tAg), where w is the
infinitesimal conformal factor as above. Here and below, we write simply “Tr”
for Tr;., and use the notation “tr” for traces over vector bundle fibers.

1.6. Naturality assumptions. Suppose that 4 and B are given locally by uni-
versal, polynomial formulas in the jets of a Riemannian metric g ; the inverse
g' of g; plus (if orientation is involved), a volume form E ; plus (if spin struc-
ture is involved) the fundamental tensor-spinor y. Suppose that, with respect
to uniform dilations of the metric, 4 has homogeneity degree —ord 4, and
the boundary condition does not change: if 0 < a € R,

g=0d’g (E=ao"E, 7=a"ly)=> d=a"%4,
/V(FO C_Dz[)=/V(B [o) CDZI),

where .#" is the null space. Suppose further that 4 satisfies the analytic as-
sumptions 1.2 categorically; that is, the realization of (4, B) on any Rieman-
nian manifold (M, 0 M) with boundary satisfies the analytic assumptions.

(1.10)

1.7. Remark. If M has spin structure, the fundamental tensor-spinor, or Clif-
Jford section y is a section of TM ® End M =gyin ) TM @ M @ Z* M , where
TM is the tangent bundle and M the spinor bundle. y satisfies the Clifford
relations

Yy +ylyt = -2¢" 1ds,
where y’ is the local section of End X gotten by tensoring with dx’ and con-
tracting the TM argument. The scalings of £ and y posited in (1.10) are
those which are consistent with the scaling of the metric; the scaling of y being
forced by the Clifford relations. The Levi-Civita connection on TM is lifted
to the spinor bundle (if any), and extended to iterated tensor products of TM ,
XM , and their duals, so that we may take covariant derivatives of tensor-spinor
fields. Vg, VE, and Vy all vanish when defined.
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1.8. Remark. Since a scaling g = ag of the metric induces a scaling N =
a~!N of the inward unit normal, the operator CD,; is sensitive to uniform
dilation; thus we had to speak of CD, in (1.10).

1.9. Remark. By Weyl’s invariant theory, A is built polynomially (using tensor
product and contraction) from g, its inverse g, V, and iterated covariant
derivatives of R ; plus (if orientation is involved) E ; plus (if spin structure is
involved) y. B is similarly built from £, g!, N, N,, Vy, V, and tangential
covariant derivatives of R and L, plus the restrictions to M of E and/or y
if applicable. As a result, the a,(x, 4) are polynomial in g, g*, and iterated
covariant derivatives of R; plus E and/or y if applicable. The a, .(y, 4, B)
are polynomial in g, g!, N, N,, and iterated tangential covariant derivatives
(V) of Rypr and of L, plus the restrictionto dM of E and/or y if applicable.

1.10. Remark. We shall say that a local scalar invariant on M or M , or a
natural differential operator %/ on some C*°(M, V), has level n if it scales
according to & = o "% under uniform dilation g = o?g of the metric,
0 < a € R (with the compatible scalings E = o™E, 7 = o~y if applicable).
For example, it is part of the naturality assumptions 1.6 that 4 has level 2/
(equal to its order). It is straightforward to show that we may measure the level
as follows. If &/ is a level » monomial local invariant or monomial natural
differential operator on M , of degree (kg, kv) in (R, V), then 2kr+ky =n.
If &/ is alevel » monomial local invariant or monomial natural differential
operator on dM , of degree (kg, kr, k¢, ky) in (R, L, V, Vy), then

2kR+kL+k¢+kN=n.

In the study of the index, analytic torsion, and functional determinant, a special
role is played by quantities of level m, the dimension. Thus in this paper, we
shall be especially interested in level 4 objects on M , for example the Paneitz
quantity Q and operator P ; and level 3 objects on M .

1.11. Remark. By the last two remarks, the assumption of categorically pos-
itive definite leading symbol implies that o,;(4) is polynomial in g and g*;
plus, if applicable, £ and/or y; that is, no higher jets of these objects are
involved.

1.12. Remark. Parity considerations force aogq(x, 4) = 0, but the
Aodd,v(y, A, B) are generally nonzero. Homogeneity considerations (i.e., com-
parison of the behavior of the two sides of (1.9) under uniform dilation of the
metric) imply that a,(x, 4) has level n. Similarly, a, ,(y, A, B) must have
level n—1-v.

2. THE FUNCTIONAL DETERMINANT AND ITS CONFORMAL VARIATION

We retain the notation of §1, and assume that our boundary value problem
(4, B) satisfies the analytic and naturality assumptions 1.2, 1.6. The analytic
assumptions guarantee that (4, B) has real eigenvalue spectrum Ay < 4; <
-++ 1 +00, with corresponding eigensections in C®(M, V). We define the
zeta function of the problem (A4, B) by

Cap(s) =) 1A%

1;#0
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There exist ¢ > 0 and jj € N such that A; > j¢ whenever j > jo, s0 {4 B(S)
is manifestly well-defined and holomorphic for large Res. Since there are only
finitely many nonpositive 4;, the heat expansion (1.8) gives

Y el = —g(4,B)+2) sinh1;
4,#0 ;<0
N
(2.1) + Zan(A , B)t("_m)/21 + O(t(N—m+l)/21)
n=0
N
- Zan(A , B)t(n—m)/Zl + O(t(N—m+1)/21) ,
n=0
where a,(A, B) = a,(1, A, B), q(A, B) is the multiplicity of 0 as an eigen-
value of (4, B), and

an(A,B)_q(AsB).’ nh=m,
Ak
(2.2) an(A4, B) = a,,(A,B)+2zk—f, n=m+2l(1+2k), keN,
A;<0
an(A, B) otherwise.

Applying the Mellin transform, we get a meromorphic continuation of {4 p(s)
to C:

1 N m—n\""
CA,B(S)=W (Z (5———21—n> an(4, B)
n=0
+/‘ts"O(t“‘""'*“)/z’)dt+/oo £y eilar |
0 ! 4 #0

where O(t(V-m+1)/2l) is the error term from (2.1). In particular, {4 p(s) is
regular at s = 0, and we define the functional determinant of the problem
(4, B) by

det A = (1)< exp(-{y (0)).
2.1. Remark. 1t is important to note that the functional determinant is not
invariant under uniform dilation of the metric. Suppose, as before, that g =
a?g, and if applicable, E = a™E, 7=a~'y. Then

(2.3) 1.50) =C4,8(0),  detdp =a 2420 det4p.

That is,the quantity {4, (0) is scale-invariant, and the functional determinant
has a scale homogeneity which depends on {4, 5(0). Thus the functional

P(A, B, g) =vol(g)4+50/m det Ap

is a scale-invariant “version” of the determinant. An added advantage of
P(A, B, g) is that, like the determinant, it is a spectral invariant, since
ap(A, B) = Cvol(g), where C is a constant depending only on g5;(A4). (The
number 2//m can be recovered from the spectrum because —m/2/ is the lead-
ing exponent in the heat asymptotics {1.8).) We emphasize that there is no
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reason to expect detAp or (A, B, g) to be the integral of a local expres-
sion, as is a,(A4, B).

2.2. Remark. If m > 1 and OM # @, the functional
(24) P(A, B, g) =vol(g)?/™vol(g)¥Cas0)-D/m=D det 45,  A€eR,

is also scale-invariant, and this raises the interesting prospect of interaction with
the isoperimetric functional, especially in connection with extremal problems.
The new ingredient, vol(g), is often a spectral invariant: a;(4, B) has the
form Cvol(g) for some constant C which depends on (A4, B) but not on
M. Thus vol(g) is determined by the spectrum when C # 0. To preserve
the spirit of the endeavor, and with a view toward the isospectral problem, one
would like to choose exponents in (2.4) which are spectral invariants, perhaps
by choosing A =0 or 4 ={, p(0). (See Theorem 4.10.)

2.3.  Remark. Suppose we are given an elliptic boundary value problem (D, b)
in which D is formally selfadjoint, but does not necessarily have positive defi-
nite leading symbol. Let d be the order of D. if r € Z*, we can form a new
elliptic problem (D', b")) by taking the rth power: the boundary condition
determining 5 is

boCDyp =boCDy(Dg)=---=boCDy(D"'¢p) = 0.

The operator corresponding to the problem (D", b")) will be called (D).
If (D, b) is natural, then so is (D", b\"), and if r is even, D’ has positive
definite leading symbol.

We shall now impose some additional conformal assumptions.

2.4. Conformal assumptions. Suppose that A4 is a positive integer power of a
natural differential operator D, A = D" | which is conformally covariant in the
sense that given a conformal class (g[0]),

(2.5) e*!/*Dlw] = D[0Ju(e®®),  w e C¥(M),

for some a € R. Here, in case orientation and/or spin structure are used,
Elw] := e™?E[0], y[w] := e~?y[0] for some a € R. Suppose that B arises
as b(® as in Remark 2.3, where (D, b) is an elliptic boundary value problem,
and that the conformal behavior of b is compatible with (2.5) in the sense that
A ((b o CDyyp)[@]) = A ((b o CDyyy)[0lu(e?)) , or equivalently,

(2.6) A ((b o CDyyp)[w]) = e™*“ A ((b o CDyy)[0]).

2.5. Remark. Our conformal assumptions are weaker than the assertion that
(A4, B) is conformally covariant; this is the special case # = 1. When we work
in this generality, we can handle, for example, the conformal Laplacian D on
middle-forms (m/2-forms for m even) with a suitable boundary operator B.
By [Brl], D has the form

o0d — do + (Ricci term),

where d is the exterior derivative, and & is the formal adjoint of d. If M
is oriented, D interchanges the two eigenbundles Az/ 2M of the Hodge * op-
erator, unlike the form Laplacian A = dd + dJ , which preserves both Ai"/ M
and A™*M . There do, in fact exist boundary conditions which are suitable in
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the sense of ellipticity and conformal covariance of the right weight. Note that
since
D? = A? + (lower order),

D is elliptic. On the other hand, the Dirichlet problem for the spin Laplacian,
i.e., for the square of the Dirac operator ¥ on the spinor bundle XM, is
outside the framework we have described, even though Y is conformally co-
variant. The reason is that Dirichlet boundary conditions for ¥ 2 do not arise
from the iteration process of Remark 2.3. In fact, there are no local boundary
conditions for Y which are elliptic in the sense we need, though there are
appropriate nonlocal (Atiyah-Patodi-Singer) conditions.

2.6. Remark. The infinitesimal form of the conformal covariance relation (2.5)
is

(2.7) (d/dé)|e=oDlew] = —(2/w/h)D[0] + a[D[0], u(w)].

The finite and infinitesimal forms of the conformal covariance relation are, in
fact, equivalent: an application of (2.7) with g[eow] in place of g[0] gives
(2.8) (d/de) o=z, {e!***/P* Dlew]u(e™**)} = 0

for any ¢y € R, so that (2.5) is obtained. In practice, the way in which we shall
enforce (2.6) is to show that

(b o CDyyp)[w] = & [w](b o CDyyy)[01u(e®”),

where & [w] is a smooth, functorial, w-dependent section of Aut W', with the
curves & [ew] smooth and £[0] = Idy . An argument like (2.8) shows that
this is in turn enforced by its infinitesimal form

(d/de)|e=0(b o CDyyp)[ew] = a(b o CDy;y)[0]u(w) + E[w](b o CDyy4)[0],

where &[w] := (d/de)|=0¥ [ew] € C®(OM, EndW’). In fact, in our ex-
amples, the entries of &/[w] in the block decomposition corresponding to the
grading of Remark 1.4 have the form u(e‘®) for various powers c.

2.7. Example. Let A be the conformal Laplacian, or Yamabe operator

m-—2
Y—A-I-m‘l’.

Y is conformally covariant of bidegree ((m —2)/2, (m+2)/2):
Y[(D] — e—(m+2)w/2 Y[O]ﬂ(e(m—Z)w/Z).

Though Y can be viewed as a conformally invariant operator between density
bundles, we choose not to do so, and instead view it as acting on sections of
a trivial line bundle over M. Accordingly, Dirichlet conditions for Y are
obtained by letting W, be a trivial line bundle over M , setting W, =0, and
setting
By o=1d, By y=By,0=B,,,=0

in the block decomposition of Remark 1.4. Dirichlet conditions are, of course,
conformally compatible.

2.8. Example. There is also a conformally compatible Neumann condition,
sometimes called the Robin condition by physicists. This obtained by “playing
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off” the conformal variation of the mean curvature against that of the normal
vector field N, just as the variation of the scalar curvature T compensates that
of the Laplacian A to form the conformal Laplacian. By [BG, Appendix],

(d/de)|e=oN[ew] = —wN[0], (d/de)|e=oH[w] + wH[0] = —(m — 1)a|y.
Thus for all a,a €R,
(d/de)|e=o(N + aH)[ew] + w(N + aH)[0] — o[(N + aH)[0], u(w)]
= (—a(m - 1) — a)u(wn).

As a result, there is an infinitesimal conformal covariance law for V + aH for
each aeR:

(d/de)|e=o(N + aH)[ew] = —w(N + aH)[0] — a(m — 1)[(N + aH)[0], u(w)].

In particular, the boundary operator

m-—2
N‘mm-nH
is conformally compatible with Y . More precisely, to set up the Robin con-
dition, we let W/ be a trivial line bundle, Wy = 0, B;,; = Id, By, =

—(m —-2)H/2(m — 1), and By o = By, 0 = 0. The Robin condition is im-
portant in the study of the Yamabe problem on manifolds with boundary; see
[E2].

2.9. Remark. If (A, B) satisfies 1.2, 1.6, and 2.4, then so does (4", B")) for
each r € Z*. This is sometimes useful in that it allows us to get rid of the
(finite multiplicity) negative spectrum of (A4) by passing to (4p)?.

An extremely important property from our point of view is a generalization
of the scale-invariance property (2.3) to pointwise (conformal) scalings under
the conformal assumptions 2.4. Following [B@1], we call this a conformal index
property.

2.10. Conformal Index Theorem. If (A, B) satisfies 1.2, 1.6, and 2.4, and
g[0] is a Riemannian metric on M, then the quantities q(A, B), #{A; < 0},
am(A, B), and {4 p(0) are constant on the conformal class (g[0]) .

Proof. Let D be as in 2.4. The spectral invariants of A[w] on
N ((B o CDy)[w]) are the same as those of (u(e~(@+%/M®)D[0]u(e??))" on
N ((B o CDy)[0]u(e??)) . The spectral invariants of the latter problem are the
same as those of

Alw] = e*(u(e~@* /M) D[0](e) (™) = (u(e /") DIO))"

on /' ((B o CDy)[0]). Here we have applied a “global gauge transformation”
in conjugating by u(e?); this does not affect spectral data, and has the ad-
vantage of transforming the original problem into one in which the boundary
condition is fixed. Note that all of the boundary value problems mentioned
are elliptic because the original one is. Because 4z has pure eigenvalue spec-
trum, the null spaces .#(4) and A4 (D) in C>°(M,V)p agree. But by the
conformal covariance relations, the dimension of #(D) in C®(M,V)p is
conformally invariant; thus g(A4, B) is conformally invariant. By a straightfor-
ward extension of an argument in [B1, Proposition 1], the number of negative
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eigenvalues of (u(e—2/2@/")D[0])* on #((B o CDy)[0]) is independent of ¢;
this uses the fact that the number of zero eigenvalues is independent of ¢.
Since {4,5(0) = am(4, B) — q(A, B), we just need to show that an,(4, B) is
conformally invariant.

For this, fix w € C>®(M), and consider the conformal curve of metrics
glew] = e%@g[0]. If we can show that the variation operator (d/de)|,—o an-
nihilates the functional a,,(4, B), we are done, since this result may then be
applied with any g[eow] in place of g[0], and w is arbitrary. By the preceding
paragraph, it is sufficient to show that (d/de)|.—o annihilates a,,(A[ew], B[0]).
The estimates in [GS] justify the following formal computation:

4
de

n=0

an(A[ew], Blew])tr—m/2
0

an(Alew], B[O])¢in—m)/2

(A[sw1>3[01) exp(—t(AB)w])}

=0

e=

0
d
2.9) =t { (%
—_ i —2lew/h h
m{ (] wteeermprony)
= 2/t Tr{w(Ap exp(—tAp))[0]}
Y (%) Tr{w exp(~1(45)[0])}

exp(—t(AB)[Ol)}

B[0]

~ > (m - n)an(w, A[0], B[O])s"~™)/2

n=0

where the asymptotics are for ¢t | 0. Here we have used the fact that
exp(—t(A4p)[0]) is a smoothing operator for ¢ > 0, with the consequence that

Tr(UVe 48) = Tr(VUe ™ "5)
aslong as U and V are finite-order pseudodifferential operators, and ¥V com-
mutes with Ap. Comparing coefficients for n = m, we get the result. O
In the course of the proof, we have actually computed the conformal variation
of a,(A, B) for every n.
2.11. Corollary. Under the assumptions of Theorem 2.10,
(d/de)|.=0an(Alew], Blew]) = (m — n)ax(w, A[0], B[0]).

The corollary shows that a,(A, B) is a conformal primitive, or integral, for
ap(w, A, B) provided n # m. The following variational formula, which will
be fundamental to our computations, shows that the functional determinant
supplies the “missing” primitive for a,,(w, 4, B), at least when the conformal
invariant g(4, B) vanishes.
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2.12. Theorem. Suppose (A, B) satisfies 1.2, 1.6, and 2.4. Let (M, g[0]) be
a particular manifold with boundary together with a conformal class on which
N (Ag) =0, and let w € C*°(M). Then

(d/de)|e=084zw), Biew)(0) = 2lam(w, A[0], B[O]).
Proof. First assume that (4p)[0] is positive. By the conformal invariance of
q(A, B) and of #{4; < 0} (Theorem 2.10), (4p)[ew] is positive for all ¢ € R,
so that the Mellin transform relates the zeta function to Trexp(—¢4g), without
the modifications of (2.2). The estimates in [GS] allow us to conclude that
(d/dée)|e=0l4,8(s) is meromorphic, and that we can interchange the order of
conformal variation and analytic continuation. For Res large,

Edg e=0Cf¢[ew],B[ew](S )= % (;—8)
il ) L
- _% {Fz(i_) 0°° o (%) Tr{w exp(—t(AB)[O])}dt}

_d [2s [ }
=75 {F(s) A '~ Tr{wexp(—t(4p)[0])} dt ; .
Here we have integrated by parts in ¢, and used the computations in (2.9).
Analytically continuing this formula, the value at s = 0 is the same as that of
21 oo s—1
il T _
) Jo £~ Tr{wexp(—t(4p)[0])} dt,
that being 2/a,,(w, A[0], B[0]).
To dispense with the positivity assumption on A4, note that we have proved
the result for the positive operator (4p)2. (Recall Remark 2.9.) But {4 pa(s)=
a,8(25),50 ')  BO) (0) =2¢, 5(0). Butbya straightforward extension of [FG,

Theorem 2.4] to boundary value problems, a,(®, 42, B?) = ay(w, A, B). O

CA[ew] , Blew] (S )
e=0

Trexp(—t(AB)[sw])} dt}
(2.10) 0

2.13. Remark. The effect of zero spectrum on this argument is as follows.
Since g(A4, B) is conformally invariant, nothing in (2.10) changes until we
apply the ¢-derivative; the trace on the third line becomes

Tr(wexp(—t(4p)[0]) - £), P = Proj_y 410)nr((BoCD)IO]) *
The kernel function of w{exp(—t(4g)[0]) — £} is

w(x) {H(t, x,¥) =Y. 9j(x)® ¢}(y)} ,

;=0

where H(t, x,y) is the kernel function of exp(—#(45)[0]), and {¢;} is an
orthonormal basis of eigensections, A[0lg; = ;j¢p;, (B o CDy)[0]¢p; = 0. The
conclusion is that

4
de e=0

Ctecor, Blew)(0) = 21 (am(w, A[0], B[O]) —/ w(x) Z loj(x)? dx) .

;=0
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Thus an explicit formula for the local heat invariant a,,(w, A, B), or such a
formula together with an explicit knowledge of the null space .#'(4p) when
this null space is nonzero, is sufficient for an understanding of the conformal
behavior of the functional determinant. Note that an explicit knowledge of
A (Ap) is not an unreasonable expectation: if the background metric has posi-
tive scalar curvature, there can be no null space for an elliptic boundary problem
Yp based on the conformal Laplacian Y . For more general (4, B) satisfying
2.4,if M and M are locally flat (for example, if M is a standard flat half-
torus), .#'(Ap) can be given explicitly in the background metric, and thus in
conformal metrics by the conformal covariance law.

The strategy for computing the functional determinant within a conformal
class will be to integrate the variational formula along a one-parameter family
glew] = e%*® g[0]. The result will be a formula for the difference Cto, Bre)(0) —
Caroy, 510y (0), that is, for the quotient of determinants (det(A4p)[w])/(det(Ap)[0]).
The formulas involve integrals of differential polynomials in @, but such quan-
tities cannot necessarily be reexpressed as integrals of scalar local invariants in
the sense of Remark 1.9. For example, the quantity [ wPw, where P is the
Paneitz operator, appears in our formulas; it cannot, in general, be expressed as
the integral of a local scalar invariant of g[w]. This phenomenon is one con-
formal manifestation of the nonlocal nature of the functional determinant. To
express everything in terms of differential polynomials, at least via the current
methods, it is very important that we stay within a conformal class.

The problem of computing det(A45)[0], so that we have formulas for func-
tional determinants instead of just quotients of such, may be approached sepa-
rately; see §7.

3. VARIATIONAL FORMULAS AND CONSEQUENCES
OF THE CONFORMAL INDEX PROPERTY

In this section, fix w € C*°(M), and again consider the variation (d/d¢)|.—
as the metric g runs through the conformal curve glew] = e%®g[0] for a fixed
(but arbitrary) w € C°(M). We extend the definition of local scalar invariant
to f-augmented local scalar invariants, f € C>(M), by adding df (or df and
N f for boundary invariants) to the list of ingredients in Remark 1.9. (Note
that suitable derivatives are also ingredients, so it is only the Oth derivative of
f that does not come into play.) When there is no chance of confusion as to
the choice of manifold or measure, or when these choices are arbitrary, we shall
sometimes abbreviate [, -dx by [-,and [,, -dy by §.

We begin by choosing a nonstandard basis of the interior invariants.

3.1. Lemma. With notation as in §1, the four quantities |C|*, Q, J*, AJ span
the space of level 4 local scalar O(m) invariants on M for m > 3; for m > 4
they are a basis. If m > 5, these four quantities are also a basis of the level 4
local scalar SO(m)-invariants. If m = 4 and C. are the self- and anti-self-dual
parts of C, the 5 quantities |C.|*, |C_|*, Q, J?, AJ are a basis of the level 4
local scalar SO(4) invariants on M .

Proof. Let m > 3. By (1.1), At is a scalar multiple of AJ, |p|? is a linear
combination of J2? and |V|?, and |R|? is a linear combination of J2, |V|?,
and |C|?>. |V|? is a linear combination of Q, J2, and AJ . By, e.g., [G1], the
four quantities |R|?, |p|?, t2, At span the O(m) invariants, and are a basis for
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m > 4. For m > 5, all O(m)-irreducible summands of the vector bundle of
which R is a section are also SO(m)-irreducible. For m = 4, this is true except
for the O(4)-bundle of which C is a section; this splits into two irreducible
summands under SO(4) [S], and this induces the splitting C=C, +C_. 0O

Using the invariant theory of [BG], we can write down all the invariants
that can appear in a4(f, A, B). In Table 3.1, we introduce abbreviations for
some level 3 local scalar invariants on M . trL3 is an abbreviation for the
local scalar invariant L%,L%.L¢,. For convenience, all indices are written as
subscripts, the convention being that one index in each pair is raised before
summing.

Let f € C°(M) be an auxiliary function. In Table 3.2, we introduce ab-
breviations for some f-augmented level 3 local scalar invariants. Note that
because the inward unit normal is extended to a collar as the tangent to a unit
speed geodesic, the iterated partial derivatives N --- Nf agree with the iterated
covariant derivatives fiy.xn = (V---Vf)y..n.

From [BG, Lemma 2.3] and the above, we get

3.2. Lemma. Suppose that either (A, B) is not orientation-sensitive or m > 4.
Under the analytic and naturality assumptions 1.2, 1.6, a4(f, A, B) has the

TABLE 3.1
Abbreviation | Invariant | Index expression

X Nt Rijijin

Xz TH R,’ jijLaa

X3 FH RaNaNLbb

X4 (G, L) RanonLap

Xs (T, L) Reach Lab

Xg H3 LaaLppLec

X7 H|L|2 LagLyc Ly

Xs tr L} LapLpcLea

TABLE 3.2
Abbreviation | Invariant | Index expression

Yi(f) (Nf)t SinRijij
Y2(f) (sz)H ﬁNNLaa
YB(f) (_Af)H f: aaLbb
Y4(f) (Nf)H2 leLaaLbb
Ys(f) (Nf)F SinRanan
Y6(f) (ﬁv.f’ L) f: abLab
Y1(f) (NAOILP SinLapLap
Ys(f) N(-A)f Hiin
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form

ai(f, A, B) = /f{a|,1|C|2 + a1 20+ a1 37 + a1 AT}

8 8
+% (fZQZ,uX,u"'ZaB,uYV(f))
u=1 v=1

Jfor some constants a,,, which depend only on the formal functorial expression
fJor (A, B), and on m. (In particular, they do not depend on the particular
manifold or metric.) If m = 4 and (A, B) is orientation-sensitive, the same is
true with o} ||Ci|* + a7 ||C_|? in place of oy 1|C|* for constants of .

When f =1, the invariants Y, (f) vanish, and integration by parts gives

(3.1) /AJ: (le) /2(m—1).

Thus a4(A4, B) has the form
8
(3.2) (14(A, B) = /{01’1|C|2 +a1,2Q+a1,312} +}{Z&2,,‘X#,
u=1

where the G;,; are constants with the same dependence as above. (We make
the obvious adjustment if m =4 and (A4, B) is orientation-sensitive.) Under
the conformal assumptions 2.4, the number of undetermined coefficients in
Lemma 3.2 and (3.2) is cut down considerably; the “axe” is the Conformal
Index Theorem 2.10. To apply this, we need to know the conformal variations
of the quantities involved.

3.3. Theorem. Let m = 4. For the conformal variation above,
(a) (d/dée)|e=o(|C|?dx)[ew] =0. If M is oriented,

(d/de)ls=0(ICx|* dx)[ew] = 0.
(b)

% i / (J2dx)[ew] =2 / w((AJ) dx)[0] + % f ({—oX, + Yi(0)} dy)[0].

(c)

2 3 Javiaxyzor=2 [ oan axol
1

+§ ({300 - §1(@ - 1) + () + Yiw) | ) 10}

(d)

d d
de om0 /(AJ dx)lew] = Zc f(.]w dy)[ew]

e=0

- ?{({—%Yl(w) - Ys(co)} dy) [0].
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% (%) / (Qdx)[ew] = f (F(w)dy)[0],

where . (w) = 1Yl(a)) + Y3(w) — Ys(w) — Ys(w) — 1 Ys(w).
Proof. (a) was already remarked as (1.4). (The statements about C. follow
from the fact that the splitting into C, and C_ is conformally invariant.) For
(b), we use (1.2) and integrate by parts to get

3‘% /(szx)[ﬁw]=2/J(Aw)dX=2/(dJ,dw)dx+2}{Jw|Ndy

e=0
- 2/w(AJ)dx—2]{J,Nwdy+2fm,~dy,

“__»

where everything after the first
gl[o)).

For convenience in the rest of the proof, we write all indices as subscripts;
one copy of each repeated index should be raised before summing. For (c), we
use (1.3) and the Bianchi identity V;;; = J|;, and integrate by parts:

sign has an implicit [0] (is evaluated in

T 8=0/(|V;2dx)[,sw] = —2/(V, VVw)dx

=2/(d.l,da))dx+2]{V,~Nw|,-dy
=Z/wAde—2?{J|Nwdy+2}{1/}1vw|,-dy.

“ ”»

Again, everything after the first sign is evaluated in g[0]. But

Vniw) = Vynoy + VNe® - a,s

fVNaw a—‘f aN : aw—__fpaN a®.

By [BG, Lemma A.1(b)],

and

PaN :a = H:aa "‘Lab:ab'
Since Vyy = 3F — 37, integration by parts over 0 M (which has no boundary)
gives
63 f = (3500) - 51 - @)+ 3Y).

2 12 2 2

This and J = 1/6 give (c).
The first equality in (d) is obtained by integrating by parts; the second is
Lemma 3.4(a). For the proof of (e), we use (1.7):

_ [@axewl = ) [porax

1 (i)
2 \de) |,
1
= —/w,i,jjdx—/[{J—2Vo}dw]j|jdx

= I oy + f{{f 2} dosly dy

2
= _Ef{w"m dy + f(wa - 2Viwy) dy.
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(3.3) now finishes the proof. Alternatively, we could use the definition (1.5) of
Q together with parts (b)-(d) to derive (¢). O

We shall also need the conformal variations of the boundary invariants that
do not automatically vanish for w = 1. The following can be read off from
the variational formulas in the appendix to [BG]. (Note the differences in sign
conventions.)

3.4. Lemma. Let

X!(w) = % £=O(e3“"X,~[£w]) = gg e=0Xi[sw] + 3wX;[0].
Then:
(a) Xj(w)=-2Y(w)-2(m - 1)Y3(w).
(b) Xj(w) = —(m - NYi(w) - 2(m - )Y (w) - 2(m - 1)}3(w) +

2(m - 1)Y,(w).

(€) Xj(w) =—-(m-1)Y(w) - Y3(w) + Ys(w) — (m - 1)Ys(w).

(d) Xi(w) = -T(w) - Ys(w) - Ys(w) + Y7(w).

(e) Xs(w) = -Yi(w) - V3(w) + Y4(w) + 2Ys5(w) — (m — 3)Ys(w) +
(m-3)Y(w).

(f) Xg(w) = -3(m-1)Y4(w).

(8) X7(w) = -2Y4(w) — (m - 1)Y;(w).

(h) Xg(w) = -3Y7(w).

We retain the “prime” notation of Lemma 3.4 to derive some straightforward
consequences in the next two lemmas.

3.5. Lemma. Let

L= - Xy + X3 —(m—3)X4 + Xs,

-1
R

m-—1

Z = Xs.

2
3(m-1)

Then £'(w)=0,5s=4,5.

3.6. Lemma. Let m =4, and let

1 1 1 1
—TEXI + EXz - X3+ §X6 - §X3.

Then S'(w) = - (w), where #(w) is as in Lemma 3.3(e).

S =

We can now harvest the consequences of the conformal index property, re-
ducing the number of undetermined coefficients from the 20 in Lemma 3.2 to
just 13 under the conformal assumptions.

3.7. Theorem. Let m = 4, and suppose (A, B) satisfies 1.2, 1.6, and 2.4.
Suppose that (A, B) is not orientation-sensitive. Then as(f, A, B) has the
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form

af, 4, B = [ 1P+ {5 [ ro+ § 15}
+,33{/fAJ—%?{le}+ﬂ4ff5’ﬁ+ﬂsf{f-?s

8
+f§x.,Yy(f)

where the constants B,, u=1,...,5,and x,, v=1, ..., 8, depend only on
the formal functorial expression for (A, B). In particular,

64 ad.B)=p [ICP+5{5 [0+ fs}+pfaesfn

If (A, B) is orientation-sensitive, the same is true with By ,|C+|* + B1,—|C-|?
in place of B,|C|? in each formula.

Proof. Changing basis in the formula of Lemma 3.2, we may write a4(f, 4, B)
in the form

b [ r1ce+ g5 [ro+ frshan{ [ rar-g fru}sc 1

+ ff{ﬂb% + BsL5 + 11 X1 + 12 Xo + 73 X3 + vaXs + 96 X6 + 78 X3}

+ f zijymn

for some umversal constants f;, ¢, y;. In particular, by (3.1),

a4, B) = B [1CP + s (—/Q+fs)+c/ﬂ+ﬂ4f.%

9 T S £ 7

j=1,2,3,4,6,8

By Lemmas 3.3-3.6,
d
_d_s— =0

=2 / w(AT)dx — —;;c f wX; + (%c 2 - 3y2) }{ Y ()
+ (=672 = 373 = 70) § Ta(@) + (=67 73 § Ba(w)
+(672+ 13- 9%6) § Yal@) + (=35 = 1) § ¥s() = 1 § Yo(@)
+(4=319) § (@) - 61 § %a(@)

By the linear independence of the invariants § Y;(w), we conclude that ¢ =
N=p=p3=V4=p=ys=0. O

a4(Alew], Blew])

It is now time to clarify the notion of conformal primitive.
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3.8. Definition. A real functional & on a conformal class (g[0]) on M is
smooth if the functions

N
(3.5) RY - R, e=(81,...,sN)v—+5"(g [Zs,w,])
i1

are C® forall N € Z* and functions w; € C®(M). & has degree n € Z* if
the maps (3.5) are polynomial in ¢ of degree n, and we use the terminology /in-
ear, quadratic, etc. for degree 1,2, .... Amap % from (g[0]) to C*(M) is
smooth (resp. has degree n) if g — Z(g[w])(x) is smooth (resp. is polynomial
of degree n in ¢) for each x € M, and similarly for maps to C*(0M).

3.9. Definition. Let # and . be smooth functionals on a conformal class
(g[0]) on M. Z is a conformal primitive for F if

(3.6) (d/de)|e=0Z (gln + ew]) = T (g[n))

for all n,w € C>®(M). If in addition, a base metric g[0] is given and
P(g[0]) =0, £ is a base-pointed conformal primitive for 7 .

3.10. Remark. A base-pointed conformal primitive £ for 7 , if it exists,
is unique, since the curve a(e) = P(glew]) solves the initial value problem
(d/de)a(e) = T (glew]), a(0) = 0. If a functional .7~ and a prospective
conformal primitive % are given by universal formulas, it is sufficient to prove
(3.6) at n = 0, since universality allows us to replace g[0] by g[n]. If 7 (g[w])
is a homogeneous polynomial functional of degree n > 0, then 7 (g[w])/n
is a base-pointed conformal primitive for .7 (g[w]). Thus a decomposition
of a given functional into homogeneous polynomial functionals is sufficient
information for the computation of a base-pointed conformal primitive. We
shall sometimes use the abbreviation 7 [w] for I (g[w]).

Motivated by Remark 3.10, we go on to compute the higher conformal
variations of the local invariants in Theorem 3.7. The formulas for V[w],
R[w], L[w], V[w], and N[w] show that each term in that expression for
a4(w, Alw], Blw]) is polynomial of degree < 4; this will also emerge from
our calculations, so we omit the abstract proof. We first introduce abbrevia-
tions for some f-augmented local invariants which are quadratic and cubic in

f.
TABLE 3.3

Abbreviation Invariant Index expression
Z\(f, f) (Nf)N2f SnSinn
ZZ(f, f) (Nf)(_A)f fiNf: aa
ZS(f, f) (Nf)zH ﬁNﬁNLaa
Zy(f, f) dfI’H fiaf . aLsb
Zs(f, f) |(dfedf,L)| [f.afsla
Zo(f, f) | @f, dWNS) | fralfin):a

Ef, f, /)| (NS finS:afa

Ex/f, [, f) (Nf)? SinSinin
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The notation Z;(f, f) indicates that Z; can actually be thought of as a
quadratic form Z;(f;, f;) after polarization; similarly for the cubic form de-
termined by E;(f, f, f). Lemmas 3.11-3.18 immediately following are ob-
tained by direct computation with the variational formulas and identities of
[BG, Appendix], and integration by parts.

3.11. Lemma. Let

Yo, 0)= 4 @Y (w)e]) - 2 _ Yi@)o] + 30Y(@)0).

Then:
(@) Y{(w,w)= -2(m-1)Z|(0, w)-2(m-1)Z)(w, w)
+2(m-1)Z3(w, w).

(b) Yy(w,w)=—-(m-1)Z|(w, w)-Z3(w, 0)+ Zij(w, w).
() Y(w,w)= —(m-1)Z(w, )+ (m-3)Zs(w, w).

d) Y (w,w)= -2(m-1)Z;(w, w).

(&) ¥il

() Yi(w,w)= —Z)(w, 0)+ Zy(w, ) - 2Zs(w, w).
(g Yi(w,w)= -2Z;w, w).

)
)
)
w,w)=-(m-1)Z|(w, w)-Z(w, ®)+Z3(w, ).
)
)
(h) Ys(w, w)

=2(m-3)Z)(w, ) -2Z)(w, w) +2Z3(w, w)
+2(m-2)Zs(w, w) +2(m - 2)Zs(@, w).
3.12. Lemma. Forall f, w e C*®(M),
@) $Zs(f, f)=-$2Z:(f. [).

((b; $IZs(f, f)==-$T2(f, [)-$EiS, [, ]).
C
d

de

_(fos@dear) = on- 9 f atr@ranio

+ f.{2(m -3)Z|(w, w)—2(m-1)Z3(w, w)
+2Z3(w, w) +2(m - 2)Zs(w, w)}.

3.13. Lemma. Let

/ _d cwp,
Zj(w, 0, 0) = e=0(e’3 Zi(w, w)ew))
= g— Zi(w, w)ew] + 3wZ;(w, w)[0].
se=0
Then:

(a) le(wa w,(O):E](w, waw)-EZ(w’ w’w)'
(b) Zj(w,w, w)=(m-3)E|(w, w, w).
(C) Z:;(CL), w, w)=—(m_l)E2(w’ CL),(O).
d) Zj(w,w,0)=-(m-1)E(0,», w).
(e) Zi(w, w, w)=-E|(0, 0, w).
) Z{(w,w,w)=-Ej(w,w, w).
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3.14. Lemma. The quantities

(e3£wEi(w , W, w)[sw])
e=0

El(w, 0,0, w)= %

d

de

Zi(w, w, o)ew]+3wZi(w, w, w)[0]
=0

vanish identically.
3.15. Lemma. For m > 2, let
h(w) = - Yy(@) +(m-1)Y(w),
h(w) = - Y() - (m - 3)z(0) + Y3() -

——Yy(@) + (m - DY5(w),

m? —-3m -2 2m m? —5Sm+2
BT B S R i e
— (m —4)Ys5(w) + (m — 2)Ys(w) + Ys(w).

Then l)(w, w) =0 for s=1,2, and

h(w) = Yi(w)

% o f(ls(w) dy)lew] = (m — 4)}{60(13(@) dy)[0].

In particular, if m =4, then

a“lg o f(ls(w) dy)lew] =0, s=1,2,3.

3.16. Lemma. Let

& = Xg— (m—1)*Xg.
Then &"(w, w) =0.
3.17. Lemma. Let
q1(w) = Y3(w) — (m - 1)Ys(w),
@(w) = (m=3)Y1(w) + (m - 3)(m - 2)Y2(w) - 2(m - 2)Y3(w),
g(w) = (m - HY(w) — (m - 1)(m - 2)Y2(w) + 2(m — 2)Y4(®).

Then ¢! (w, w, w)=0, s=1,2, 3, with the result that
42
( f (45 dJ’)[sw]) =0, m=4.
e=0

de?

3.18. Lemma. If f € C®°(M), then on dM,
fii'n = finww + (fiw) :a® +2V4(Lp VP )
—H..f.*—Ffix—|LP*fix — Hfinn-
The following lemma is a consequence of Lemmas 3.4, 3.11, 3.12, and 3.13.
3.19. Lemma. If m =4 and S is as in Lemma 3.6, then

( w(Sdy)ew] — ! Yi(w)[ew]dylew] | = 0.
e=0 \ 3

d2
de?
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4. FORMULAS FOR THE QUOTIENT OF FUNCTIONAL DETERMINANTS

Suppose we have a compact 4-manifold M with boundary M , and a base-
pointed conformal class (g[0]) is given. Suppose also that we have a boundary
value problem (A4, B) satisfying the assumptions of Theorem 2.12. A change
of basis in the formula of Theorem 3.7 allows us to write

ay(w, A, B)[w] = / (|C? dx)[w]

+ {3 [ exeaniors § ((os - 350 ar) o1}

+8:{ [o@ndntel+ g f(Ti) - wx) el
+ 81 f (G dy)] + s § o(Ady)lo)

3 3
+> A f (li(w)dy)[®] + ) g f (4(w) dy)[w]
i=1 j=1

s f (Ys(e) dy)[e] + ca f (Ya(w) dy)[],

where B,,4;, 0;, c3, c4 are universal constants depending on the universal
polynomial expression for (4, B).
By Theorem 2.12, we can find a formula for

—log| det(4p)|[w] + log| det(45)|[0]

by finding a base-pointed conformal primitive for each term in (4.1). By Theo-
rem 2.10, the sign (—1)*{4<0} of det Ap is conformally invariant, so this gives
a formula for det(A4p)[w]/ det(Ap)[0].

4.1. Lemma. In (4.1), the B, terms for v = 1,4,5 and the A; terms for
i=1, 2,3 have base-pointed conformal primitives

(4.1)

B / o(CPdx)0], Ba f o(Zdy)[0],
ﬂsfw.%dy [01, Af ) dy)[0]

respectively.

Proof. By Lemmas 3.3(a) and 3.5, |C|*dx, Zdy, and %4 dy are conformal
invariants in dimension 4; thus the relevant £, terms in (4.1) are linear on the
conformal class (g[0]). By Lemma 3.15, the 4; terms are also linear. We now
apply Remark 3.10. O

4.2. Lemma. A base-pointed conformal primitive for [ w(Qdx)[w] is

Flw] = %/w(P[O]w) dx[0]+/w(de)[0].
Proof. If n, w e C®(M),

2| Btr+e01= 5 [P0 + 0PI} dxto] + [ w(@dxi0l

e=0
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Evaluation at 7 = goew shows that the curve #[ew] satisfies the initial value
problem

2| Breol= [@olPole) + 0QO) dxl0],  B10]-
&€=¢&y
But by (1.7), the right side of this ordinary differential equation is

[ oledniaol,
as desired. O

4.3. Lemma. A base-pointed conformal primitive for

Flw] = f ((wS— %Y3(w)) dy) [w]

f (S dy)[0] - = ]4 (Ya(w) dy)[0] - f (S () dy)[0]

+3 $(Z0, )10 - ¢ $(Zu(w, @)dy)OL

Proof. By Lemma 3.19, Z[w] is a quadratic functional. By Remark 3.10, its
base-pointed conformal primitive is

Fosdyion- 3 fr@ o+ § (o5 @101~ 3¥(@, )01) dyi0l

The last line of this is computed using Lemmas 3.6 and 3.11. O

is

4.4. Lemma. The B3 term in (4.1) has base-pointed conformal primitive

1
28 [ (2 dx)f] - (T2 dxpo).
Proof. This is a restatement of Lemma 3.3(b). O

4.5. Lemma. The sum of the ag;, c3, and c4 terms in (4.1) has base-pointed
conformal primitive

o { Fa@anor+ §(-zi+3z9(0, ) dy)[01}
+o; { f (q2(e) dy)[0] + f (=6Z1 +3Z) + 225 - Za)(@, @) dy)[01}
to; { f@@ o+ (=92, - 32w, v) dy)[OJ}

ra{fm@anos § ((-32+32) @ 0)d) o)
- §Ei@. 0. 0)dy)01}

+eh { f (Ya(w) dy)[0] - 3 f (Zs(, w)dy)[0] + 3 f (Ex(, 0, o) dy)[01} .
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Proof. By Lemma 3.17, the o; terms in (4.1) are quadratic on the conformal
class (g[0]), and by Lemmas 3.11, 3.13, and 3.14, the ¢4 and c¢; terms are
cubic. We now apply Remark 3.10, using Lemmas 3.11 and 3.13 to compute
expansions into homogeneous polynomial terms. 0O

We collect all this information in the following.

4.6. Theorem. Under the assumptions of Theorem 2.12, if (A, B) is not
orientation-sensitive,

- 21y og Gl = 1 [ wiciaxpo)

+ B2 {% /w(P[O]w) dx[0]
+3 [o@dn0+ § ool - 3 §(xs(w) aio)

_% }{ (S (@) dy)[0] + f ((%Zz - %24) (0, ) dy) [0]}

+ 38 [12d0l0] - (a0} + b4 § o(Zdy)o]
3
+Bs § A BaI0]+ Y ki f((w) dp)i0)
i=1

+a{ f@@anior+ §(-zi+ 3z, w)anior}
+0s { ?{ (@2(w) dy)[0] + }{ (=621 + 323 + 27 — Zs)(@, @) dy)[O]}
+or{ flas@) dni0)+ f(-92: - 3200, ) dy)1}
ra{fm@ana+ § ((-32:+32) @ 0)dy) 0
- §(Ei@, 0, 0)dy)o1}
+af @ an01- 3§20, 0) 0101 +3 f(Bx(w, 0, @) dy)10L}.
If (A, B) is orientation-sensitive, By [ w(|C|*dx)[0] should be replaced by

Bis / (|C, [ dx)[0] + By - / w(IC_[2dx)[0].
If P, is the functional (2.4), then

@l(AaB, g[w]) ——l gfe4wdx[0]
Zi(4, B, g[0]) 4 v[0]
_a4(4,B) - § €32 dy[0]

— (2D 'log
(4.2)
det(4p)[w]

A 1
o8 det(45)[0] °

—(2)7'log

3 3[0]
where v[0] = vol(g[0]) and ©[0] = vol(g[0]).
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In the above, recall that as(4, B) is conformally invariant. A more man-
ageable version of this formula is obtained when we notice that several of its
terms are also terms in a formula for a4(w, 4, B). Indeed, if w, n € C*(M),
(4.1) can be modified to give a formula for as;(w, A, B)[n] just be replacing
each [w] by [n]. To make the formula even more easily applicable, we add the
mild assumption that our chosen background metric on M has constant scalar
curvature. We immediately have

4.7. Corollary. Suppose (M, (g[0])) and (A, B) are as in Theorem 2.12, and
that g[0] has constant scalar curvature to. Let w € C®(M). Then

det(4p)[w]
det(A45)[0]

+p{3 [P0l dxtol - ; § o (@) dy)o)

+}[ ((%Zz - %24) (0, ) dy) [0]}
+38{ [0 ax)101 - (70001~ 370 f o}

s f (=Z4 + 3Z5)(®, @) dY)[0]

—(2)7'log =a4(w, A, B)

+ 0 f((—6Z| +3Z,+ 275 - Z4)(w, w)dy)[0]

t o f (=923 — 3Z4)(@, w) dy)[0]

ralf ((-32:+32) @ 0y ) 01- f(Eiw, 0, 0)aniol]

+cy4 {—3}{(23(60, w)dy)[0] + 3‘7{(E2(w, W, o) dy)[O]}.

Now recall the functionals %, of Remark 2.2, which involve the conformal
index a4(A, B). It is sometimes useful to express the conformal index in terms
of the Euler characteristic of M . Recall that (M) = (M) + x(M,0M);
thus if m is even, y(M) = x(M, 8M). By the Chern-Gauss-Bonnet formula,
if m=4,

(4.3)

(M) = (327%)"! /M (2 — 4] + R1?) dx

+ (2472)7! f (3tH —6FH — 6(T, L)+ 2H® — 6H|L|* + 4tr L*) dy.
oM

The interior integrand can be rewritten as

IC2-8IV]2+8J2=|C|>+4{Q - AJ},

and thus the interior term in (4.3) equals
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(32722)"! (/ (IC? + 40) dx — %f -~ dy) .
M oM
Thus

x(M) = (32n%)7" [ (ICI* +4Q)dx

s

+ (24n2)~! (—%zw +3tH - 6FH — 6(T, L)
oM

+2H? - 6H|L)* + 4trL3> dy,
or more compactly,
(4 x() = (32n2)" [ (CP+ 4@ dx + (4m2)! ¢ 5-%-H)a.
M oM

At a background metric g[0] with constant scalar curvature as in Corollary 4.7,
the 75 contributions to the boundary integrals in the formulas for y(M) and
as(A, B) disappear. It is now appropriate to distinguish two types of “model
backgrounds™:

4.8. Definition. (M, g[0]) is a model background of type 1 if (VR)[0] = 0,
dM is totally geodesic, and M is connected. (M, g[0]) is a model background
of type 11 if g[0] is flat, (VL)[0] =0, and OM is connected.

4.9. Lemma. In a model background (M, g[0]) of type 1, the boundary inte-
grals in (3.4) and (4.4) vanish, and

a4(A[0], B[0]) = 47’ Box (M) + (B ~ B2)|CI*[0]v[0].

In a model background (M , g[0]) of type 11, the interior integrals in (3.4) and
(4.4) vanish, and

a4(A[0], B[O]) = 47n°B2x (M) + (Ba + 682)-Z4[019[0] + (Bs + 62)-Z5[015[0].

Proof. In the type I case, VR = 0 = VC = 0, so the connectedness of M
guarantees that |C|?[0] is constant. In the type Il case, R=0, VL =0 =
V% = V% = 0, so the connectedness of M guarantees that .%4[0] and
%4[0] are constant.

We combine these considerations to get a more natural form of (4.2):

4.10. Theorem. Under the assumptions of Theorem 2.12, if (M, g[0]) is a
background of type 1 and A = a4(A, B), orif (M, g[0]) is a background of type
Iland 2=0,
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11y P4, B, glw)
= (2)'log =4 =&l or
G ez 4 B, gto) ~ o

+8a{ [ oP010)dxt0] - 5 f(¥aw)dyio)

_ % }{ o(F(w) dy)[0] + f ((%Zz - %24) (@, ®) dy) [0]}

1 3
+ 38 [(dwlw] - F2d0lon + Y- 4 f (@) dy)[o
i=1

+01 §((-Z4+325)(@, @) dy)[0]
+or{ fa@anior+ §(-62+32:+ 22, - Z)(w, W) aytol}
o { fa@anor+ §(-92: - 32, w ayior}
ra{fm@ano+ § ((-32+32) @ 0d) o)

- fEiw, 0, w) a0}
+a{ §@) 9013 f(Za(@, @) a(01+3 § (Erw, 0, @) apiol}

where
_a4(4,B), [e¥99) dx[0]
fi= - =g le—
- ~{mpan + 5 (8- 3:) IcPrOWI0N]
and
g = _ A, B)  $e D dyl0]

3 0]
= — {35 Bu(M) + J(Ba + 68:). 010101 + 5 s + 682 {001}

Here @ = ([ wdx[0])/v[0] is the mean value of w over M, and & :=
($ wdy[0])/D[0] is the mean value over O M .

Proof. In the type I case, we absorb terms totalling

(BIC2[0] + 1 8,010)) / ©dx[0]

(or (B ,’+|C+|2[0]+/31,_|C_|2[0]+%ﬂzQ[O])fwdx[O] if (4, B) is orientation-
sensitive) into the first exponential term of (4.2); the coefficient of the
second exponential term is 0. In the type II case, we absorb terms totalling
(B2S[0] + B4ZI[0] + Bs-%5[0]) § wdy[0] into the second exponential term of
(4.2); the coefficient of the first exponential term in 0. We also make use of the
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fact that §(g1(w)dy)[0] vanishes, since (VL)[0] = 0 in both the type I and
type Il cases. O

4.11. Remark. The choice A = a4(A, B) or A = 0 makes % (4, B, g) a
spectral invariant (recall Remark 2.2). The presence of the |C|?> term in the
case of a model background of type I is an indication that the analysis of the
determinant functional will be heavily dependent on conformal geometry as
well as on topology. See [BCY] for this analysis, and the effect of the |C|?
term, in the boundariless case. Similarly, for a model background of type II,
the %, and .4 terms indicate a dependence on conformal geometry.

4.12. Remark. There need not be a model background of type I or II in a
given conformal class, of course. It can happen, however, that there are model
backgrounds of both types in the same conformal class. For example, the round
metric on the closed hemisphere H* (type I) is conformal to the flat metric
on the closed ball B* (type II). The standard metric on the cylinder %} =
[0, 2] x §3 of height A is conformal to the flat metric on the spherical shell
4 = {x e RY1 < |x| < s}, s = e*. Here the cylindrical geometry is type I; the
shell geometry fails to be type II only because of its disconnected boundary.

5. SPECIAL MANIFOLDS

We would now like to do some computations in the special cases of the
hemisphere, ball, cylinder, and spherical shell. Since the hemisphere and ball are
conformally equivalent, and the cylinder of height # is conformally equivalent
to the spherical shell of outer/inner radius ratio s = e, it is sufficient to
consider the hemisphere and cylinder. Moreover, since we shall later write down
the spectra of the Dirichlet and Robin problems for the conformal Laplacian
on the hemisphere, and compute the determinants of these problems explicitly
(§7), we shall be able to compute the determinants of the similar problems on
the ball. The following elementary observation will be useful.

5.1. Lemma. If 0 M is totally geodesic and x is the intrinsic curvature of OM ,
then t=x +2F on M.

Proof. We use total geodesy to pick coordinates at a point of 8 M which are
normal for both g and £, then use the characterization of the Riemann tensor
as the second-order part of the Taylor expansion of the metric, to show that
k = R%,, . Since 7= RY;; = R%,, + 2R%y,n , the result follows. O

Now consider the upper hemisphere H™ in S™, the boundary of which
is the equator S™!, with the standard round metric g[0] as background.
Here the interior metric has VR = 0 and the boundary embedding is totally
geodesic, so (H™, g[0]) is a model background of type I. In this background,
C=0, V=g/2,and J =m/2. If ¥2:= A+ (m — 1)?/4, then the Paneitz
operator and quantity are

P= (q,_%) (\y—-;-) <‘P+%> (‘I’+%) . Q=m(m+2)(m-2)8.

In particular, if m =4, then P =A(A+2) and Q = 6. By (1.1),

Rijki = — 8k & + 81 8ik-
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Thus on the boundary 0 H™ = S™~! of H™,
G=g, F=m-1, T=(m-2)g.
L and H vanish, and by Lemma 3.18, if f € C®(H™),

Ys(f) = N(=A)f = N3f + (-A)Y(Nf) — (m - 1)Nf.
We also have

Xi=0, i=1,...,8;
n(f)=Y(f)=Ysf)=Ye(f) = Y7(S)
=Z3(f,f)=Z4(fsf)"_‘ZS(f’f):O;

and
i(f)=m(m-1)Nf, Ys(f)=(m-1)Nf.

As a result, on 0 H™,

Z=%=0,
h(f)=0, bL(f)=-(m-1Nf,
Lf)= -(m-4)(m-1)Nf+N(-A)f
=N f+(-A)(Nf)~(m=3)(m-1)Nf,
a(f)=0, @f)=mm-1)(m=-3)Nf, a¢(f)=m(m-1)’Nf.

On 0H*,
§=0,  F()=Nf-zN(-A)f = —2N*f — 2(-BY(NS)+ 3N,
Since vol(H*) = 4n?/3,
a4, B) = 22 B,Q10)/3 = 4nf,

for (A4, B) satisfying 1.2, 1.6, and 2.4. (Alternatively, we can use the formula
of Lemma 4.9 and the fact that y(H™) = 1.) Specializing Theorem 4.10, the
conclusion is:

5.2. Theorem. Suppose that (A, B) satisfies 1.2, 1.6, and 2.4, and that /¥ (Ag)
=0 on (H*, g[0]), where g[0] is the round metric. Let A = 4n’p,. Then for
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w € C®(HY),

—(2)log gi’:’ - : [[‘6’]])) = -7 log

Sy €4©@® dx[0]
4n2/3

v (3p+30-90-30) §(No)-da)ayio

+ B {% /H L ©((A(A + 2)0) dx)[0] - % o((Nw)dy)[0]

1
34 oW o))

+ 18 { [ i - %"2}

+ (=342 - 343+ 1205 + 3603)‘% ((Nw)dy)[0]
OH*
+ A3 f (N*w) dy)[0] - 60, ]4 (Nw)(N*w) dy)[0]
OH*4 OH*4
e (NoldoPdy)lo]+3e § (Vo) dy)iol

A formula for the determinant functional —(21)~'log(det(Ap)[w]/ det(4p)[0])
is obtained by replacing —n? B log{([;;. €*“~® dx[0])/(4n%/3)} by 4n?B,@ in
the formula above.

To set up a conformal diffeomorphism between the hemisphere and the ball,
view S™ as the unit sphere of R™+! with coordinate function ¢ = (u, s) €
R™ x R. Identify R™, whose coordinate will be called x ,with the complement
S$™\(0, —1) of the south pole via

o ¥ = 2x s__l_—ri
Cl4sT T 1+ T 142

where r = |x|, and p is the azimuthal angle between the vector (u,s) and
the ray emanating from the origin (0, 0) and passing through the North Pole
(0, 1). The standard metrics are related by

grm = DPgsm, O =i(1+r)=1/(1+5).

=cosp, a=|ul=sinp,

This version of the stereographic projection identifies the upper hemisphere in
S™ with the unit ball in R™ ; our two conformal metrics agree on the common
boundary of H™ and B™ . The total interior volumes of our models differ, as

m/2 m/2
vol(H™) = @)—Z%nﬂ , vol(B™) = #mﬂ) ,
so that
vol(B™) I'(m)

Vol(H™) ~ 2m=2mI(m/2)?’
in particular,

vol(B*)/ vol(H*) = 3/8.
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The inward unit normal in H™ is N = —8,. Here we use p, together with
any coordinate system on the latitudes s = const, to get local coordinates on
H™ . Since Ns = —0ps =a and O;a = —§/a,

N=ad;, N?=a%0}-s50;, N*?=0a%3}—-3asd?— ads
on H™\{(0, 1)}. In particular,
N=98, N?=92, N*=9}-0, ondH™
In the notation of Theorem 5.2, if g[0] is the hemisphere metric and g[w] the
ball metric, then w = —log(1 + 5). In particular,
do=0, Aw=0 on H™\{(0, 1)},
w=0, —-Nw=Nw=-Nw=1 ondH™.

Specializing to the case m = 4 now, and looking at the formula of Theorem
5.2, our first need is for (A(A+2))[0]w = P[0]w . Applying our covariant setup
in the form (1.7), we can immediately conclude that

P[0]w = Q[w]e*” — Q[0] = —Q[0] = —
since all local scalar invariants vanish in the flat metric glw]. J?*[w] also

vanishes for this reason. The surviving boundary terms in Theorem 5.2 all
come from the expressions

f (Nw)dy)[0] = f (N*w) dy)[0] = f (Nw)(N*w) dy)[0]
oH* aH* & H?
= }{ (Nw)3 dy)[0] = — vol(0 H*) = —vol(S3) = -2
OH*

(Note especially that no S, boundary terms survive, since @ vanishes on the
boundary.) Thus Theorem 5.2 specializes to

4
—(2))log ?}(/}4’ ’;’ ‘Z[[‘(‘)’]])) = —n2, {log % - 4@} - %ﬂz /H wdx[0]

- gﬂzﬂ:; - 27!2(—313 —2A3+60; + 3603+ 3c4).

In this, the @ and [ terms combine to give

F)(4, B, glo]) _ vol(B%)
log (4, B, gl[0]) = —n2B,log 773 + /32/ wdx[0]

- %Bﬂzz - 2712(—312 — 243+ 603 + 3603 + 3ca).

-@n™

To compute the [ term, let d6 be a volume form on a standard (radius 1)
S3; then o3d6 is a volume form on the latitude in H* with radius a, and

—a?dpAndO=atdsAnd=(1-s*)dsAndb

is a volume form on H*\{(0, 1)}. Since vol(S3) = 272 and @ = w(s) =
—log(1 + s) is constant on latitudes,

1 2
wdx[0] = 27:2/ (1-sYw(s)ds = —27:2/ t(2 - t)logtdt
0 1

13 8
=g2(=_-2
—7t<9 3log2).

H4
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Here we have used the integral formula

/t"(logt) dt = !

n+1

n+1

1
(logt — n—:|-_1) + const

in the case n =1, 2. Since vol(B*) = n%/2, we have
5.3. Corollary. With assumptions as in Theorem 5.2 and glw] the flat B*
metric,

_ (21)—1 log ‘?l(A ) B3 g[w])

(4, B, g[0])

The expression for the quotient of determinants (as opposed to scale-invariant
determinant functionals) is simply missing the vol(B*)/vol(H*) contribution:

5.4. Corollary. With assumptions as in Theorem 5.2 and g[w] the flat B*
metric,

- det(AB)[w]

— 1 —

207108 G4z (0]

) {(% —41082) B — §ﬁ3+612+413 - 120, — 7203 — 604}.

An interesting check on our calculations can be made by specializing Theorem
4.10 to the flat metric on the unit ball B*, a model background of type II, and
viewing the round H* metric as the perturbation rather than the background.
This is not simply the same calculation in disguise; different terms from the
determinant quotient formula contribute to the answer, which is, of course, the
reciprocal of the determinant quotient just computed. We omit the details.

Now let g[0] be the standard metric on the cylinder €,” = [0, h] x S3, that
being g[0] = dt? + d6?, where ¢t is the parameter on [0, 4], and d6? is the
round metric on S™~!; this gives a model background of type I. Computing
for the moment in a general dimension m > 3, we have

m-2 —dt* + d6? m?(m — 4)
J——2—, V_—z——, C=0, Q__T—'
The Paneitz operator is
_ 20— 4)2
P=A2+—m(’"2 Dp+ a0z -9 (’;’6 9
Since L =0 and 7 is constant, X; =0 for i =1, ..., 8; in particular, .% =

Z=0,andif m=4, S=0. We have F =0, and for all fe€ C>®(g"),
N ) =0 )=Y(f)=Ys(f)=Ys(f) =Y2(f) =0,
W(f)=m-1)(m-2)Nf,

Y3(f) = N*f + (-B)(NS).

As a result,

L )=a(f)=0, bL(f)=-(m-1)(m-2)Nf,
L(f)=Nf+(-A)(NS),
@(f)=(m-1)(m-2)(m-3)Nf, @(f)=(m—1*(m=-2)Nf,
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and if m =4,
F()= 2N~ 3N*f = 3(-BYNS).
Furthermore,

Zyf, f)=Zf, f)=Zs(f, f)=0.

Now specialize to the case m = 4. The conformal index vanishes by the
above and Lemma 4.9, since x(%,") = 0; thus the scale-invariant functional
involved in the specialization of Theorem 4.10 is %, . Collecting information,
we have

5.5. Theorem. Suppose that (A, B) satisfies 1.2, 1.6, and 2.4, and that ¥ (Ap)
=0 on (%}, g[0]), where g[0] is the standard cylinder metric. Let ¥ = —0,.
Then for w € C*(%}}),

P(A, B, glw))
P(A, B, g[0])

det(4p)[w]

- (2D~ '1og det(45)[0]

=) log
= 5 {% /g (8700 + 482))0 dx[0]
3¢ o((wo- 3700 J-dww) o) [01}

+ %B; (

+ (=642 + 605 + 1803) f*(f/w) dy[0]

/ (J2dx)[w] - h vol(S3)>
?4

h

*

+is § @001+ 15 § (D) dy)o)

~ 602 § ()@ ?0)dy10)

+ (382430 - 902~ 30) § (Fo)(-dedyio]
—es § Fodof dyor+ 3 § (@ o) dyiol,

f ot '

We specialize further to the perturbation which gives the shell &/* with
s = e" . In spherical coordinates, the flat metric on &* is dr? + r2d6?. The
diffeomorphism (¢, §) — (e’, 6) from &} to &/* is conformal:

dr? + 12 d6? = r(dr* + d6?) = e(d?? + 7).

Thus the shell metric is g[w] with @ = ¢. The surviving terms on the right in
Theorem 5.5 are

50 a{-3

where

w2F @) dy10)} + 3 pr(-hvol(SY) = 20k (B2 - 353).

t=h
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6. THE DIRICHLET AND ROBIN PROBLEMS FOR THE CONFORMAL LAPLACIAN

The determinant quotient formulas of Theorem 4.6 involve coefficients
ﬂl/ (1 <v < 5)9 )'i (l = 1,2, 3)> gj (.] = 132’3)’ Ck (k = 3a4) that
depend only on the universal formula for (4, B), and not on the particular
manifold M . In this section, we compute these constants for the two boundary
value problems described in Examples 2.7-2.8.

The starting point is a formula of Branson and Gilkey [BG] for a4(A4, B) for
elliptic boundary value problems (A4, B) in the case where (1) 4 is a second-
order differential operator with metric leading symbol on sections of a vector
bundle V over M, i.e.,

oy (A)(x, &) = |E 1dy, = gU&¢ 1dy, ,

forall (x, &) € T*M,and (2) B gives either Dirichlet conditions, or Neumann
conditions of the form

(6.1) (pin +S9)lom =0,

where S is a smooth section of End V5. For convenience, we state these
results in the present notation. There is no restriction on the dimension m,
and there no assumptions on naturality or the conformal behavior of (4, B).

6.1. Theorem [BG]. Under the above assumptions on A, there is a unique con-
nection V on V suchthat A=Ay — &, where Ay = —g"'V;V; is the Bochner
Laplacian of V, and & is a smooth section of EndV . If B gives Dirichlet
conditions, we write a,(f, A, Z) for a,(f, A, B), and have

360(4n)™2a4(f, A, D)
= / try f{—60Agnar & + 607& + 180&2 + 30Q7Q;;
— 12A7 4 572 = 2|p|* + 2|R*}
+ftr,,|m (f{ — 1208y — 18ty + 120& H + 20tH — 4FH + 12(G, L)

—4(T, L) — 24AH + 405 88H|L|2 320 13
ft 21
+f|N{ 180& — 307 — 130 |L[2}
+24fiyvH + 30(Af)|N) ,

where Q is the curvature of V.

The connection on V' determines a connection on End V', and this is used
to form Agnqy . The invariants § fLg,.% = §(VVSf, L), §fQ%.,, and
¢ finF , which a priori are eligible to appear in the above formula, do so with
coefficient 0. Note that we have not quite written things in the form (1.9);
(Af)v has been used instead of fiyyy in our basis of invariants. This turns
out to be convenient for most practical purposes; if desired, Lemma 3.18 can
be used to switch to the basis used in (1.9).
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6.2. Theorem [BG]. Under the above assumptions, if B gives Neumann condi-
tions of the form (6.1), we write a,(f, A, S) for a.(f, A, B), and have

360(4m)™2aq4(f, A, S)
- / try f{—60Agnq v & + 601& + 180€2 + 30QUQ;
— 12A1 4+ 572 = 2|p|*> + 2|R)*}
+ ?{ . ( f{2408 y + 421 + 1208 H + 20tH — 4FH

+12(G, L) — 4T, L) — 24AH
+ %0H3 +8H|L)? + % tr L® + 720S& + 12087

+ 144SH? + 48S|L|* + 480S%H + 480S° — 120Agnq v, S}
+ fin{180& + 307 + 12H? + 12|L|* + 72SH + 240S?}

+ finw{24H + 1208} — 30(A f)|N>.

Again the invariants § fL,.% = §(VVf, L), § fQ%N.,, and § finF ap-
pear with coefficient 0, as does the new invariant ¢ fSF .
For the conformal Laplacian Y with either Dirichlet or Robin conditions,

m-—2 m-—2
Q’—'O, g———z—-]:*mf.

To evaluate the interior terms of a4 for either problem, we compute that 12 =
4m—1)2J2, |p|? = (m=22|V|*+(3m—4)J2, |R]? = |C|*+4(m=2)|V|*+4J>.
Recall the formula (1.5) for Q. Writing (Y, &) and (Y, #) for the Dirichlet
and Robin problems, we have:

6.3. Lemma. The interior terms of
360(4n)"aq(f, Y, D)

or of
360(4n)™2ay(f, Y, R)

in the formula of Theorem 6.1 or 6.2 are
/f(2|C|2 —2(m—=2)(m - 6)|V|* + (5m — 16)(m — 6)J% + 6(m — 6)AJ)

= /f(2|C|2 +2(m—6)Q —2(m —4)(m - 6)|V|?
+4(m—4)(m—6)J? + 4(m - 6)AJ).

The local invariants in the last expression are linearly dependent, but those
that survive upon restriction to dimension m = 4 are linearly independent.
The factor of m — 6 in the terms that are not local conformal invariants is
expected; see [BG, Lemma 3.1(c)]. Recalling the notation of Tables 3.1 and
3.2, we have:
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6.4. Lemma. The boundary terms of 360(4n)"2as(f, Y, D) in the formula
of Theorem 6.1 are

f(f{6(2m—7)x 100m=4) 4y,

m-—1 |

40 88 320
+12X4 —4X5 + 21X6 7 X7 +TX8}

N 1_5(’1_4)1/ (f) +24Y2(f) + 24Y5(f)

_@y4(f) + —Y7(f) - 30Ys(f)>

(The invariants Ys(f) andYs(f) appear with coefficient 0.)

We now change the basis of invariants to that of Theorem 3.7, and check
that the coefficients ¢ and p; vanish as asserted there. For this, note that in

dimension 4,

1
= —-3-X2+X3—X4+X5,

2
& = —gXs + X1 - Xs,

L(f)=(=Y4s+3Y7)(Sf),
(6.2) h(f)= (—Yl -Hh+Y;— %Y‘; + 3Y5) f), (m = 4)

L(f)= (%Yz - §Y3 + §Y4 +2Y6 + Ys) (f),
qa(f) = (Y3 =3Y)(f),

@(f) =1 +2Y; — 4Y3)(f),

g3(f) = (3Y; — 6Y, + 4Y4)(f).

We then change to the basis of (4.1) and compute the following.

6.5. Theorem. If B, = (4n)% - 3608, and similarly for A;, oj, and ¢, then
for the problem (Y , ) in dimension m = 4, we have B, =2, B, = B3 =-8,
Bi=-4, Bs=-88/7, 2, =20/7, 2, =0, 43 =-30, 7, = -20, 7, = 35/3,
G3=-31/9, C3=8, T4 = —152/63.

For the Robin problem,

m—2
ST Tamen

The easiest way to compute is to find the difference between the Robin and
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Dirichlet heat invariants; this we do in dimension m = 4 only:

(4m)? - 360(as(f, Y, #) —as(f, Y, D))

=7{(f{ 2:113 32H|L|2 32trL3+40AH}

+hiv { S+ ZILP} - 40fiwwH - 6001w
- § (r{-gxe+ Fx0- T | - aomar) - aor ()
+ 5P + 2 )+ s0n(n)

Using (6.2), we write this in terms of the invariants %, li(f), q;(f), Y3(f),
and Y4(f):

(4m)2-360(as(f, ¥, %)~ as(f, ¥ , )
= § (Zrz+ 300+ 600(r) + 40a1(7)

4,

I

~200:()+ Fas )+ FH0) . m

This gives

6.6. Theorem. If B, = (4n)?- 3608, and similarly for 4;, oj, and ¢, then

Jor the problem (Y , Z£) in dimension m = 4, we have Bi=2, B,=H8;=-8,

ﬁ4=—4 Bs=-8, Ay =4, 4, =0, 13 = 30, 7, = 20, 5, = -25/3,
29/9 C3 = 8 Cq = —8/9

Apropos Theorems 5.2 and 5.5, we remark that

W

(%Ez + 36, — 953 — —53) (Y,)=48

w N

(%ﬁz + 36, — 93 — -53) Y, %) =-

(=323 — 343 + 123, + 3633)(Y , ) = 106,
(—3/_12 - 313 + 125, + 3603)(Y , #) = —

(%FZ + 36, — 953 — %a) (Y,2) =50,

N

(%Ez + 35, — 955 — %a) (Y, ) =10,
(=63 + 652 + 1853)(Y, D) = (64, + 65, + 1853)(Y, #) = 8.

By Corollaries 5.3 and 5.4 and equation (5.1), we have

6.7. Corollary. If g[0] is the standard H* metric and g[w)] the standard B*
metric, then a,(Y, D) =a4(Y, #)=-1/180. For A=-1/180,
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P(Y,D, glo]) —(log6+ 1

loe G 7, 7, q0) = 360 <O
T

Gt
e ST

If g[0] is the standard &* metric and glw] the standard ,* metric, s = e*,
then as(Y, D) =a4(Y, #)=0, and

A, D, glo]) _ h

P, D, gl0) ~ °det(Yz)[0]  360°

Proof. Aside from direct computation, what we need to verify is that the null
spaces of the problems vanish on the manifolds in question. But the lowest
possible eigenvalue of either problem on H* or &} is 1/6 times the (positive)
constant scalar curvature of g[0]. O

log det(Yg)[w] A

Branson, Chang, and Yang [BCY, §5] have shown that the scale-invariant
determinant functional for Y on the conformal class of the round metric g[0]
on S* is minimized exactly at g[0], and at the metrics A*g[0] gotten by pulling
g[0] back under a conformal diffeomorphism A of (S*, g[0]). In light of this,
Corollary 6.7 can be interpreted as saying that passage from H* to B* has
improved (i.e., lowered) the scale-invariant determinant functionals for both
(Y,2) and (Y, #). Roughly speaking, round is “best” in the boundariless
case, but flat is “better” when boundaries are allowed.

7. THE VALUE OF THE FUNCTIONAL DETERMINANT
ON THE HEMISPHERE AND BALL

In this section, the index j will always run over the natural numbers N.
The Hurwitz zeta functions are

L()=)_(j+a)~*, a>0,

J
and the Riemann zeta function is {g(s) = {;(s). Note that

(7.1) (d/da)a(s) = —sla(s + 1), Ca(8) = Lag1(s) = a™.

Consider the double zeta functions

ha(s) =Y [U+a)U+a+ D™, fals) =D (2j+2a+D)[(j+a)(j+a+1)]".
J

J

In analogy with (7.1), we have

(7.2) (d/da)hys(s) = —sfa(s + 1),

(7.3) (d/da) fa(s) = (2 — 4s)ha(s) — sha(s + 1),
ha(s) = has1(s) = [a(a+ D],
Ja($) = Jfar1(s) = 2a+ Dla(a + 1)]™°.
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All these zeta functions have isolated simple poles. All identities below are valid
in their elementary form for large Res, and for all s in the sense of analytic
continuation. In particular, a quantity expressed as a sum or product of terms,
some of which are singular at a given value of s, might still be regular at that
s.

The Riemann zeta function satisfies

Cr(=2m) =0, Cr(1 =2m) = (-1)"Bp/2m (meZ*);

Lr(0) = -4,
where the B, are the Bernoulli numbers: B, =1/6, B, =1/30, B3 =1 /42
By =1/30, Bs =5/66, ... [WW, 13.15]. Further [WW, 13.21], {,(0) = ——a

A generalization of a calculatlon in [W, Appendix C] gives, for the double
zeta functions,

(7.4)

_ m 2 m
(1.5)  ha(—m) = (2(2 S-ml))2+z 1)k( )ca+1( 2m+k), meN.

(See the appendix for this calculation.) Differentiating using (7.2), we get

m

ol = m) = o S0 () @m = K (-2 + ke 1),

(7.6) o

mezZt.

(It is tedious, but possible, to check the derivative of this formula against (7.3);
the values given in (7.4) are necessary for this.) In particular,

0= o bt = 15+ (D) = Lann(-1),

fa@) =3 -a,  fa(=1) = 20041(=3) = 3Cas1(=2) + as1 (1)

If aisa natural number in the above formulas,

ha(-1) = 3¢ —ga(@ = 1), fu(~1) =~ - 2a¥@ - 1)

by (7.1) and (7.4). (These formulas are actually good for general a > 0, and
follow from (8.2) below.)
Now consider s-derivatives, denoted by a prime. In analogy with

$2(0) =logI'(a) — %log27r

[WW, 13.21], and again generalizing [W, Appendix C], we have

hg(0) = 28;,,(0) —loga,
hy(=1) = 2¢;,,(-2) — (a® + a)loga,

(7.7) f2(0) =485, (-1) - % —(2a+1)loga,

Si(=1) = 4Ly (=3) + 200 (=1) ~ ala+ 1)(2a + 1)loga + .

(Again, see the appendix for the calculation.)
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An understanding of the double zeta functions is sufficient to compute the
determinant of the conformal Laplacian Y , with Dirichlet or Robin conditions,
on the hemisphere H™ in S™, the boundary of which is the equator S™~!.
By standard theory of spherical harmonics, Y takes the value

Am,ji= (]+ 2_2) (j+’—121—),

on the space E,, ; of spherical harmonics of degree j. Since
m+2j—1

(’n—_l)!(m+f*2)"'(j+1),

dimE,, j =Ny, ;=
the zeta function of Y is

3 (s) =

oo

T o+ 2 = D{im+j=2)-(+ 1)}
2

{(em) -3}

for m > 3. Noting that the factors in both A, ; and N, ; exhibit a certain
symmetry about the value j + (m — 1)/2, we can perform the following trick.
If m is even, define a polynomial B, (x) and integers b, », by

(m—4)/2 (m-2)/2

Bp(x) = H (x=p(p+1))= Y by mx°.
a=1

Then
(m=2)/2

(7.8) &7 (s) = > bamfim-yp(s—a),  meven.
a=1

(m-1)!
Recall that this really expresses Ci’" in terms of f;, since
(m—4)/2
Sime2p2(s) = fils) = D (2g+ D{g(g+ 1}~
g=1
In fact, the situation is even simpler than this: we can actually replace f,_2)2
by fi in (7.8), since
(m=2)/2
> ba.m{a(qg+1)}*=Bm(q(g+1)) =0
a=1

forg=1,2,...,(m—-4)/2. The result is

(m=2)/2

l Z b mfi(s — a), m even.

(7.9) ¥ (s) = GRS

The case m = 2 is exceptional in that the zero eigenvalue must be thrown out

before the construction of the zeta function; the result is C;fz (s) = fi(s). Special
cases of (7.9) are

o) = ghils 1), Liels) = s lfils =2 = 2fils = D).
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If m is odd, define a polynomial C,,(x) and rational numbers ¢, », by
(m=3)/2 (m=1)/2

Cm(x) = E) (x—<p+%) (p—%>)= 2 Co,mX%.

a

Then
(m—1)/2

2
(m—1)! Z ca,mh(m—-Z)/Z(s -a), m odd.
oa=0

This is a formula in terms of 4, , since

&3 (s) =

-3)/

him—2)72(8) = h1)2(s) Z {( ) <q - %) }_s.

In fact, since
(m=1)/2

% wn{lee3) (-3)} e ((003) (-3)) -0

for g=1,2,..., (m-3)/2, we may simply replace A,_z),2 by hy;:

(m=1)/2

: )! Z Ca,mhij2(s — a), m odd.

v )= Gy 2

As special cases, we get
1
(R3/a() = hua(s = D) + Zhip(s),

1 1
a® = 13 {hias = 2= Jhints = 1) = Shias) |

Now consider the conformally covariant Dirichlet and Robin problems on
the hemisphere H™ with its standard metric g[0]. Since the equator is totally
geodesic, the mean curvature vanishes, so that the Robin problem is just the
standard Neumann problem. The spectral resolutions of these problems are
as follows: Dirichlet eigenfunctions are spherical harmonics on S™ which are
odd across the equator, while Robin eigenfunctions are those which are even.
A standard counting argument from the theory of spherical harmonics shows
that the space E; contributes multiplicities N,, ; g and N,, j p to the Robin
and Dirichlet spectra respectively, where

(m+j-1)---(j+1
Nm.j g = Z lek— j-1---(U+1)

— ! 4
0<k<j (m—1)!
Jj—k even
(m+j=2)-j
Nm,j,D= Z Nm—-l,k= 1
o (m—-1)!
Jj—k odd

From a representation-theoretic viewpoint, this can be derived from the branch-
ing rule describing the decomposition of SO(m)-modules under restriction to a
standard (embedded by block stabilization) SO(m — 1) subgroup, together with
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Weyl’s dimension formula. See, e.g., [Br4] for details of both the branching rule
and dimension formula. Calculating as above for m even, we get

(m=2)/2

;l:":t(s):ﬁ ; ba,m{%fl(S—a):tmT_lhl(s—a)}, m even,

where (¥ :"+ is the zeta function of the Robin problem, and (¥ :"_ is the zeta
function of the Dirichlet problem. If m is odd, we define

(m=3)/2

can= S8 =" (- () ) - F oo

p=1
and compute that

1 (m=1)/2 m— 1= 3)/2
L (s) = Y commipls—a)£ "= Y G mfinls—B)

a=0 p=0
m odd.

For example, on H?, the zeta function of the Robin problem is §(fi(s)+h(s)),
as opposed to %( fi(s) = hy(s)) for the Dirichlet problem. On H*, the Robin
zeta function is & fi(s — 1) + £/ (s — 1), and the Dirichlet zeta function is
Hfils—1)—Lh(s—1). On H3, the Robin zeta function is

% {%hI/Z(S) +hip(s—1) + %fl/z(s)} ’

and the Dirichlet zeta function is 3{%/,2(s) + hij2(s — 1) = 1 £i,2(s)} , In par-
ticular:
7.1. Theorem. On H?, 6 H3?, and H* with their standard metrics,

(CE,)(0) = 2LR(~1) — —ick( ),

(72O = = e(-2) + plog2+ (~3Lh(-1) - § - 571082

(F12Y/(0) = 30h(=3) + £Lh(~1) + gz % 2LR(=2).

Proof. Besides the above computations, we use (7.7); the fact that {»(s) =
Cr(s) — 1, so that {5(s) = {R(s); and the identity

Car1/2(8) = 27020 (s) — Lals)

inthecase a=1. O

Theorem 7.1 gives the value of —logdetY: on H*. By virtue of Corollary
6.7, we can also give the value of these functionals on B*:

7.2. Corollary. On B* with its standard metric,

1 1 1
~logdet Y = 3Ck(=3) + lr(=1) + 355 — cR( 2) + (4log2+ )/360
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1, 1 11, 1
~logdet ¥ = 30k(=3) + gLR(-1) + g5 + 3CR(-D) + (410g2 - 3) /360.

8. APPENDIX

a. Local invariants. Here, for ease of reference, we record the formulas from
§§1 and 3 which define the local invariants used in our computations. We refer to
the beginnings of those sections for conventions on the use of the invariant index
notation. In particular, we shall not bother to use raised indices here; when an
index occurs twice in an expression, one copy should be raised before summing.
Our sign conventions for the Riemann curvature tensor and Laplacian are

Ry212 > 0 on standard spheres, A= —(d/dx)? onR!
The basic curvature and fundamental form quantities are

1
pij = Ryixj, T= pii, Lab=—§Ngab, H=L,,

Gab =Rnven, F = Gaa, Tyap = Regep-

Note that T,, = 1 — 2F . m always denotes the dimension of (the interior of)
the underlying manifold (M, 8 M). The quantities

J=1/2(m-1), V=(p-Jg)/m=-2),
Cijki = Rijii + Vi & — V;18ik + Vu&ix — Vik &ji »

are sometimes better adapted to conformal variational computations than are
T, p, R. We put

VI*=ViiVij, |CP=CyuCijurs L =LapLap, (L, G) = LapGap,

and similarly for other tensor quantities. The Paneitz quantity and Paneitz
operator are .

Q= -2V +(m/2)J*+AJ,
P=A?+6{(m-2)J —4V-}d + {(m-4)/2}Q,

where d is the exterior derivative, J is the formal adjoint of d, and V- is the
realization of ¥ as an endomorphism of the cotangent bundle 7*M .

Indices after a bar indicate covariant differentiations with respect to the Levi-
Civita connection of g ,and indices after a colon indicate covariant differentia-
tions with respect to the Levi-Civita connection of the boundary metric induced
by g. Let f be an indeterminant element of C°(M). We adopt the nonstan-
dard abbreviations in Table 8.1.
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TABLE 8.1

Abbr. Invt. | Index expn. Abbr. Invt. Index expn.

Xy Nt Rijijin Ys(f) (Nf)F finRanan

X, TH RijijLaa Ye(f) (??f, L) S abLap

X3 FH RananLpp Yi(f) (Nf)IL? SinLapLap

X4 (G, L) | RanpnLap Y3(f) N(-Af Siiin

XS (T’ L) Rcachab Zl(f, f) (Nf)sz leﬁNN

Xe H3 LaaLbchc ZZ(f> f) (Nf)(_A)f fiNf: aa

X; | HILP? | LaaLycLoe | Zs(f, f) (Nf)H SinfinLaa

Xo | L’ | LipLypeLeg | Za(f, f) | 1dfPH | f.afialip
)| (Nf)e SinRijij Zs(f, f) |dfedf,L)| f.af sLa
L) | (NN)H | finvLaa | Zo(f ) | (S, dINS)) | fralfin):a
() [ (CANH | fralew | E(f, f, f) | (NOWSP | finfafia
Yo(f) | (NF)H? | finLaaLoy | E2(S, 1, f) (Nf)? ANANAN
Let

S = ! X lX X 1X 1 X; =4
= 7 1+g 2 4+§ 6_3 8> m=a,
F(0) = 31(0) + (o) - Ys(@) - V(@) - 1 Ys(w),  m=4,
L= - o 1X2+X3—(m—3)X4+X5,
2 m—1
= - Im=1) 1)X6+X7— 3 Xg,
h(w)= - Yi(w)+ (m-1)Y(w),
h(®) = ~ Yi(@) - (m - HNa() + V() ~ ——¥y(@) + (m - )Ys(0),
22 2 _
hw) = T2 () - ) - T2 W)

—(m—-4)Ys(w) + (m - 2)Ys(w) + Y3(w),
& =Xg— (m—1)"Xs,

qi1(w) = Y3(w) — (m - 1)Ys(w),

g2(w) = (m - 3)Y(w) + (m = 3)(m - 2)Y>(w) - 2(m - 2)Y3(w),

(@) = (m — D)Y(w) — (m = 1)(m = 2)Y(w) + 2(m — 2)Ys(w).
We note the identity
Jiiin = finnn + (i) :aa + 2(Lap S b) :a — H:of :a — F fin = |LI*fin = H finw ,
and the local expression

2(M) = (322%)! /M (ICI2+40Q) dx +(47?)"! ng(s—.%—zs)dy, m=4,

for the Euler characteristic in dimension 4.
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b. Explicit zeta functions. As in §7, we adopt the convention that the index j
always runs over N. a will always be a positive real number. We note at the
outset the integral formulas

(8.1) = = /oo t=lema dt Ca(s) = _1_/00 gl e di
F(S) 0 ’ F(S) 0 1—e-!

[WW, 12.2, 13.12], as well as

1 1,01 1
Ca(O)——‘a+'2—, {a(_l)—"‘za +2a_ﬁa
(8.2) 1
Ca(-2) = —gala-1)(2a-1).
[WW, 13.14 and 7.2].
Our goal here is to establish formulas (7.5-7.7). We note that Vardi [V,
Proposition 3.1] has calculated (H})'(0) for the functions

+
Zk~‘k+n , d,neZt.
These can clearly be related to our double zeta functions; for example,
hi=Hy, fi=2H!+H}, hy(s)=4Hs)-Hs),

fin(s) = & (HE(s) + Hi(s)) — 2H{ (s) = Hy (s).

In fact, the H} with d € N, n € Z* would be sufficient for our purposes.
Since
G(s—=1)=Hj ,(s)+nHj (s),
knowledge of the behavior of the H} at s = 0 leads to knowledge of the be-
havior the H}, and thus the A, and f; for a € %N , at all nonpositive integers.
More specifically, let d range through N, n through {1, 2}, and a through
sN. If we know H}(0) and (H})'(0), then we also know h,(—m), hy(—m),
Ja(—=m), fi(—m). The formulas derived below agree with the consequences of
Vardi’s formulas.
Consider the zeta function

fa(s) = D (2j+2a+ D +a)j+a+ D]
J
=Y {(+a) (G +a+ D)+ (+a)! (G +a+ 1)~}
J

Applying the Mellin transform, we get

fa(s) = m[}m /Ooo(uv)s‘z(u+v)zj:e‘(f+")(“+”)‘” dudv.

Switching coordinates to t = u +v, 6 = u/t (so that u =0¢t, v=(1-0)1),
and noting that du Adv = td0 A dt, we get

1 1 . s 2€ —(1-6)t—at
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We expand e? in a power series, perform the 6 integration, and use (8.1):

Jals) = s)r(s Zk'
q@yz/fml—mrﬂmda= (&Qﬁitg;”, keN,
e( +1)¢
I +(s) :=/ Pk =T (25~ 1+ K)an (25~ 1+ k).
A =
Thus
1l8) = 5 L deWani@s +k= 1), dyls)s= BEEZDTETEZD)
k=0

(7.6) is immediate from this. The only singularity of {,,;(z) is a simple pole
with residue 1 at z = 1 [WW, 13.13]; in calculating f}(0), we encounter this
pole at the k = 2 term; in calculating f;(—1), at the kK = 4 term. For the
s = 0 calculation, we note that

do(s) =2I(s), di(s) =(2s = DI(s), da(s) = s’I(s),
di(0) = EZT_—_ZF) k> 3.

This allows us to write

£10) = 4,y (=1) — 20,,(0) — 2a — + +.55,

2
& k-2 C&( 12 [ ety
"’3~—,§k<k_1>¢a+'("“>-§(uc—_ﬁ F)/O’ e !
But
= 1 2)k ¢ (z 12)
> — =)tk =te'—1-t)-2(e'—1—1— =t
k=3((k—l)! k! 2
=(t—2)(e' - 1)+ 2t
Thus

oo e—(a+D)t
S = / (t“ —at _ 22 "“’+2t“—> dt
0 1—-e!

d { 1 /oo s—1,—at 2 /oo -2,-
— = Fle %dt - = e~ dt
ds|_o \I'(s) Jo I'(s) Jo

2 [ et
+_F(S)/0 4 [ et dt}

d 2al-s

= — a_s_ +2Ca ( )}
4 s=0{ 4 2
=-(2a+ l)loga+2a+2C¢'z+l(0)~

(Note that in the first line directly above, the integral converges at ¢t = 0, even
though the integrals of the individual terms do not.) This gives

Ji(0) = 4oy (-1) - 5.~ (2a + Dloga,
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as desired for (7.7). To compute f,;(—1), note that
s(s+ 1)(2s + DI(s) s(s 4+ 1)2(s + 2)I'(s)

ds(s) = C , da(s) = 3 ,
k-4
di(—1 AT k>S5,
K= - nw -2
)
Ja(=1) = 4051 (=3) = 605(=2) + 2{5(=1) + 2{441(-2)
1 1
_2Ca+l(_1)+6Ca+l(0)_ﬁ—~j5a
where
> k-4
'-75 = k;sz(——_l)(k—_z)gaﬂ(k - 3)
_ > 1 6 12 © L _gelatht
kz((k 2)! (k—l)!+k—!)/0 = 4t
But
> 1 6 12\ o 0 ¢y
;((k-Z)!—(k—l)!+H)t =(2-6t+12)(e' —1) - 121,
and thus
00 e—(a+1)t
S = / ((t‘2—6t‘3+ 12t 4)e~% — 12473 — ) dt
0 1-et
— d oo s—2 ,—at _i/oo s—3 ,—at
= a S=0{TS) t e dt 1...( ) t e dt
12 —(a+1)t
F4e=a 4t — / t}
1"(S)/ I(s)
_d {a"‘ __ 6a¥s N 1243~
T ds|_gls—1 (s=1(5-2) " (s-1)(s—-2)(s-3)
12
gt~}
9 11
=a(a+1)(2a+1)loga—a—§a2— 3 a®— 60, ,(=2) = 9Ca1(=2).
This gives
Ja(=1) = 40511 (=3) + 28511 (= 1) + 11a41(=2) = 2{41(=1)
Uy 90,5, 1.
+ 3a +2a + 5973 a(a+ 1)(2a+1)loga.
By (8.2),

, 1
f(-1)=48.,(-3)+ 28, (-1)—a(a+1)(2a+ 1)loga + 2’
as desired for (7.7).
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Now consider
ha(s) =) [G+a@)(i+a+ 1)
J

— 1 R s—1 —(j+a)(u+v)—v
_F(s)z/o /0 (uv) ;e dudv

1 ! oot [ [ 25-1, 608”0
1 & 1
==Y als+ DI« (s+ —)
I'(s)2 pard 2

1 oo
= o) kzzoek(S)CaH(zs +k),

where
ex(s)=T(s+k)/k.
(7.5) is immediate from this; the first term on the right in (7.5) is produced
by the singularity of {,;; at s = 1. In calculating A}(0), we encounter the
singularity of {,,; at the kK = 1 term; in calculating hj(—1), at the k = 3
term.
For the s = 0 calculation, note that

eo(S)=r(S), e](S) =SF(S)’

e (0)=1/k, k>2.
Thus

ha(0) = 285,1(0) + a(a) + I,

where a(a) is defined by

Car1(1 +5) = 1/s +a(a) + O(s),

and
. el 1 _ ot 1 oo k_le—(a+1)z
ﬁ.—kZﬂEca+l(k)-l§H |
o —(a+1)t
_ t_1_p4-1€
_/0 ¢~ 1~ ar
00 —(a+1)t
=/ t_le—at—e—_ dt
0 | I
A B Ay Ly gt }
_%s=o{l“(s)/o elendt— o [T
d -
= ;| {a7 =sCan(s+ 1)}
§s=0
= —loga — a(a).
This gives

h,(0) = 2¢;.,(0) —loga,

as desired for (7.7).
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For the s = —1 calculation, note that

e s) = %s(s + DI(s), e3(s) = %s(s + 1)(s +2)I'(s),
ex(-1)=1/k(k-1), k> 4.

Thus

/ ‘ ! 1 1 1
Ba(=1) = 2001 (=2) = 2s (=) + Lara(=1) = 58641(0) - zala) - A,
where

S k — e—(a+1)t
Z k! / - 1-et! at

0

=4
_ 00 IS 2 l} e—(a+l)t
=/ {(l 27 (e = 1)+ 27— e Tt
d al—S 202—s 2 1
- s, o{s—l T G-D6-2) +s-15a+'<s")‘a“w(“‘)}

= —a+aloga-— %az +a*loga — 28,41 (—=1) = 28,4 (=1) - %a(a).
The total is
! ! 1 3
ha(=1) = 28411(=2) + 3as1(=1) = 5Ca4+1(0) - (@* +a)loga+a+ 5a*;

2
by (8.2),

R(=1) =20, 1(=2) — (a® + a)loga,
as desired for (7.7).
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